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HOMOLOGICAL STABILITY FOR SPACES OF SURFACES 



FEDERICO CANTERO AND OSCAR RANDAL- WILLIAMS 



Abstract. We study the space of oriented genus g subsurfaces of a fixed 
manifold M, and in particular its homological properties. We construct a 
"scanning map" which compares this space to the space of sections of a certain 
fibre bundle over M associated to its tangent bundle, and show that this map 
5-H induces an isomorphism on homology in a range of degrees. 

Our results are analogous to McDufF's theorem on configuration spaces, 
■^r extended from 0-manifolds to 2-manifolds. 



1. Introduction 



Let M be a smooth manifold, not necessarily compact and possibly with bound- 
ary. Our object of study will be certain spaces of oricntable surfaces in M, which 
we define as follows. Let T,g denote a closed orientable smooth surface of genus g, 
2 and Emb(Sg, M) denote the space of all smooth embeddings of this surface into the 

^ interior of M, equipped with the C°° topology. The topological group Diff^(Sg) of 

orientation preserving diffeomorphisms acts continuously on Emb(Sg,M), and we 
,__! define 

> £{^a,M) = Emb(S<„ M)/Difl?+(Sg) 

C^ to be the quotient space. As a set, £(Sg,M) is in bijection with the set of all 

f^ subsets of M which are smooth manifolds diffeomorphic to Sg, which is why we 

C^ refer to 5(Sg,M) as the moduli space of genus g surfaces in M. 
•r^ We will study £(Sg,M) using the technique called scanning, which compares 

r^ this space of surfaces in M with a certain space of "formal surfaces in M" . 



Definition 1.1. For an inner product space {V, (—,—)), define 

That is, we take the Grassmannian GrJ(V^) of oriented 2-planes in V, consider the 
tautological 2-plane bundle 72 C ^ x GrJ(F), and take its orthogonal complement 
using the inner product on V . Then we take the Thom space of this vector bundle. 
We will denote the point at infinity by S S{V). 

li V ^ B is a vector bundle with metric, we let S{V) -^ B be the fibre bundle 
obtained by performing this construction fibrewise to V . It has a canonical section, 
given by in every fibre. 

We fix a Riemannian metric q on M . The space of formal surfaces in M is 
defined to be 

re(5(TM)->M;0), 
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the space of sections oiS{TM) — > M which are compactly supported, i.e. agree with 
the canonical section outside of a compact set and on dM. Such a section chooses 
for each point x £ M a (possibly empty) oriented affine 2-dimensional subset of 
TxM . The scanning construction associates to each oriented surface E C Af such 
a section, by — loosely speaking — assigning to each x e M the best approximation 
to S by an affine subset of T^jM. 

To make this precise, we let 8'^{Yjg, M) C (0, oo) x £(Sg, M) be the set of pairs 
(e, E C M) such that the exponential map exp : ;^(E) -^ M restricts to an embed- 
ding on each fibre of the subspace z/e(E) C ^^(E) consisting of the vectors of length 
< e. We then define a map M x f ""(S^, M) -> S{TM) by 

( e s) ^ /^ ^ S{TpM) if p ^ eMM^)), 

'' \ (0(exp |T„M))(r^S ±v)c TpM if p = exp{v) for v e M^)^„ 

where we consider the oriented 2-plane T^S and vector v as lying inside TylT^M) 
using the canonical isomorphism Ty{T^M) = T^M, and then apply the linear 
isomorphism _D(exp |t„m) '■ Ty(T^AI) — >■ TpM . The adjoint to this map, 

(1.1) ^g ■■ £"{^3, M) -^ T.iSiTM) ^ M- 0), 

is the scanning map. As the forgetful map £^{Yig^M) -^ £{Tig,M) is a weak 
homotopy equivalence, we often consider S^g as a map from i?(Sg, M). 



In Section 10.1 we wih construct a function x- Tc{S{TM) -> Af;0) -^ Z such 
that X ° -^g takes constant value 2 — 2g; we think of x ss sending a formal surface 
to its Euler characteristic, and write TdSiTM) -^ M]%)g = x^^(2 - 2g). The 
simplest form of our theorem is then as follows. 

Theorem 1.2. If M is simply- connected and of dimension at least 5, the scanning 
map S^g-. £{Yig,M) — >■ Tc{S{TM) — >■ M;9)g induces an isomorphism on integral 
homology in degrees * < -^— . 

This should be compared with the theorem of McDuff jMcD75l Theorem 1.1], 
which can be viewed as a similar result for spaces of embeddings of 0-manifolds, 
i.e. configuration spaces. 

Theorem |1 . 2| follows from two rather more technical results. Firstly, a homology 
stability theorem analogous to Harer stability |Har85j. To make sense of such a 
result it is essential to discuss surfaces with boundary, and we will shortly define 
spaces of surfaces with boundary inside a manifold M with non-empty boundary. 
A large part of the paper is devoted to proving this homology stability theorem, 
which requires new techniques. The second more technical result is analogous to 
the Madsen- Weiss theorem jMW07| . and identifies the stable homology of these 
spaces of surfaces. To describe these results we must first give some additional 
definitions. 

1.1. Surfaces with boundary. Now we suppose that AI has non-empty boundary 
dM, and we are given a collar C : dM x [0, 1) ^^ M. For < e < 1 we write Cc for 
the restriction of C to dM x [0,e). Let Sg^f, be a fixed smooth oriented surface of 
genus g with b boundary components, and let c: dTigi, x [0, 1) ^-> S^ 5 be a collar. 
We write Cg for the restricted collar. We also fix an embedding 6: dT,g^b ^^ dM, 
which we call a boundary condition. 

Let Embe(I]g,6, M; S) be the set of embeddings e such that eoc^ = C^o[ld[o^t) 'xS). 
We topologise Emb'^(Sg_(,, M) with the C°° topology as before. Let Diff^(Eg_f,) be 
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the topological group of difFeomorphisnis </? of 'Sg,b such that (/3o q — Ce- This group 
acts on Emb£(Sg ;,, M), and we define 

£,(S3,b, M; S) = EmKi^g^,, M; S)/mSt{^g.b)- 

If e < e' there is a continuous map S^'CEgj,, M:6) ^-)- ^^(Eg j,, M; (5), and we write 
£(Sg^h, M; d) for the colimit taken over all e. 

Let Q : dM -^ A^ be a cobordism which is collared at both boundaries. Then 
we can glue M and Q along dM to obtain a new manifold M o Q (using the 
collars to obtain a smooth structure) . Similarly, if e : Sb+6' ^-> Q is an embedding 
of a surface with b boundary components in dM and b' in N (which we call the 
incoming and outgoing boundaries respectively) such that every component of the 
surface intersects the incoming boundary, and if e(9i„St+t') = Im((5), we obtain a 
gluing map 

£{^g,b. M- 5) -^ S{^h.b',M UoM Q; e|a„„,s,+,, ) 
{W C M) ^^{WU e{n+b') C M UoM 0) 

where the value of h depends on the combinatorics of the topology of 'Eb+b' (as Egj, 
is connected and every path component of T.b+b' intersects the incoming boundary, 
T,g_b U Sfc+h' is connected). 

In particular, if we let Q — dM x [0, 1] and choose a diffeomorphism M o 
Q = M (for example by reparametrising the collar in M), we obtain gluing maps 
£{^g^b,M;S)^£{^hM.M;S'). 

1.2. Homological stability. There are three basic types of stabilisation maps 
which generate them all under composition. These occur when Sf,_|_f,' is 

(i) the disjoint union of a pair of pants with the legs as incoming boundary 

and a collection of cylinders, 
(ii) the disjoint union of a pair of pants with the waist as incoming boundary 

and a collection of cylinders 
(iii) the disjoint union of a disc with its boundary incoming and a collection of 
cylinders. 
When these surfaces are embedded in dM x [0,1], we denote the corresponding 
gluing maps by 



Clg^b = ag,bi^ 
Pg.b = Pg,b{M 
IgM = lg,b{M 



6,6'):£{J:g^b,M;S) -^ f (E<,+i,b_i, M; <?') 
6,6'):£{J:g^b,M;S) -^ £{^g,b+i,M-5') 
5,6'):£{T.g^b,M-5) -^ £{Y.g,b-i,M;5'). 



As a warning to the reader, we remark that the notation does not determine the 
map: we will often write, for example, /3g,b to denote any gluing map of this type. 
There are many because there can be many non-isotopic embeddings of Y^b+b' into 
dM X [0,1]. 

The following is our main result concerning the homological stability of these 
spaces. 

Theorem 1.3. Let M be a simply connected manifold of dimension at least 5. // 
the dimension of M is 5, we assume that all the pairs of pants defining stabilisation 
maps are contractible in dM x [0, 1]. 
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(i) Any map ag_b induces an isomorphism in homology in degrees * < '^7 

and an epimorphism in degrees * < ^7' . 
(ii) Any map Pg^b induces an isomorphism in homology in degrees * < ^" and 
an epimorphism in degrees * < -^ ■ If one of the newly created boundaries 
of the pair of pants is contractible in dM then the map j3g^b is also a 
monomorphism in all degrees. 
(iii) Any map "fg^biM;S,S') induces an isomorphism in homology in degrees 
* < -^ and an epimorphism in degrees * < ^^ . If h > 2, then it is 
always an epimorphism. 

Remark 1.4. Note that we do not require that dM is simply connected, only that 
M is. Thus there can be many non-isotopic boundary conditions. 

These stability ranges are essentially optimal. The space £(Eg^{,,IR°°;(5) is a 
model for the classifying space of the mapping class group of Tg^f,, for which the 



stability ranges of Theorem 1.3 are known to be essentially optimal (cf. |Bol09j ). 

1.3. Stable homology. To identify the stable homology, we require a version of 
the scanning map for surfaces with boundary. We will not describe it in full detail 
here, but just say that it is a map 

S^g.b : £{j:g,b, M- 5) -^ T.iSiTM) ^ M; d)g 

to the space of sections of the bundle S{TM) — > M which are compactly supported 
and which in addition are equal to a fixed section S: dM — > S{TM)\om on the 
boundary. 

Theorem 1.5. If M is simply connected and of dimension at least 5, the map 

^g.b : £-(Sg,b, M; i) -^ r.iSiTM) -> M; d)g 

induces an isomorphism on homology in degrees * < ^~ . 

In this theorem the manifold M can have empty boundary, so in particular 
Theorem 11.21 follows. 
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2. Manifolds, spaces of surfaces, differential sets and resolutions 

2.1. Manifolds with corners. Let A C M", B C M™, and / : A -> B be a 
continuous map. We say that / is smooth if it extends to a smooth map from 
an open neighbourhood of A to M™. If / is a homeomorphism, we say it is a 
diffeomorphism if it is smooth and has smooth inverse. In particular, we have 
defined the notion of diffeomorphism between subsets of M.'^ := [0, oo)''. 

Recall from [Cer61[ fLauOOj that a manifold with corners M of dimension d is 
a Hausdorff, second countable topological space locally modeled on the space K^ 
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and its diffeomorphisnis. In detail, a smooth atlas of M is a family of topological 
embeddings (called charts) {ipi : Ui — ^ [O,oo)'^}i^i, where each Ui is an open subset 
of M and if Ui (1 Uj ^ 0, then the composite fj^fiY^ is a diffeomorphism from 
'^i{Ui n Uj) to (pj{Ui nUj). A smooth structure on a Hausdorff, second countable 
topological space is a smooth atlas which is maximal with respect to inclusion. A k- 
submanifold of a manifold with corners is a subset W C M such that for each point 
p eW there is a chart {U, if) of M with p eU such that WCiU = .^-^(M^ + v), 
where v £ R"^ (see [Cer6H Definition 1.3.1]). 

Let N and M be manifolds with corners. A continuous function / : M — > M is 
smooth if the composition f o ip: [/ — >■ M is smooth for any chart ([/, ip) of M. A 
continuous map g: N ^ M is smooth if for each smooth function / : Af — > M, the 
composite f o g is smooth. A diffeomorphism is a smooth map with smooth left 
and right inverse. An embedding is a smooth map whose image is a submanifold. 

Let p — {pi, . . . ,pd) E M"^. The tangent space TpM.'^ is defined to be TpM."^. Since 
diffeomorphisnis of M"^ induce isomorphisms between tangent spaces of M^ , we can 
define the tangent bundle of a manifold with corners following the usual procedure. 
A smooth map / : A^ — > M induces a map /* : TN — > TM between tangent bundles. 

If {U, if) is a chart andp € U, then the number c{p) of zeros in (p{p) is independent 
of the chart. The boundary of M is the subspace dM = {x \ c{p) > 0}. A connected 
k-face of M is the closure of a component of the subspace {p E M \ c{p) = fc}. A 
manifold with corners M is a manifold with faces if each p € M belongs to c{p) 
connected 1-faces. A face is a (possibly empty) union of pairwise disjoint connected 
fc-faces, for some k, and is itself a manifold with faces. 

Notation 2.1. For the first seven sections, the word manifold will be used syn- 
onymously with manifold with faces. 

Definition 2.2. If M is a manifold, and 5°M is a 1-face in M, a collar of d^M 
is an embedding c of the manifold {d^M x [0, l),d°M x {0}) into M such that 
c(x, 0) — X and such that C|(i?naoAf)x[o,i) is a collar of d'^M F in F for any other 
1-face F. A manifold is collared if a 1-face 9°M and a collar of 9°Af are given. 

If B and M are manifolds, and c and C are collars of d'^B and d^M , then an 
embedding e: B ^ M is said to be e-collared if ec{x,t) = C{e{x), t) for all t < e. In 
particular e{d^B) C d°M. An embedding e is said to be collared if it is e-collared 
for some e > 0. 

A smooth map f : B ^ M between manifolds is transverse to a submanifold 
W C M if for eachp e B such that f{p) e 11/ we have Df{TpB)+Tf^p)W = Tfi^p^M. 
A smooth map f : B —)' M to a manifold M is transverse to dM if it is transverse 
to any connected face. A neat embedding / is an embedding that is transverse to 
the boundary and that is collared if B is collared. A neat submanifold is the image 
of a neat embedding. 

If A and W are submanifolds of the manifolds B and Af , a neat embedding of the 
pair {B, A) into the pair {W, M) is an embedding e: B ^ M such that e{B) {^W — 
e{A) and such that dim(e(TpB) -I- Te(j,)M/) = minjdim B + dim W, dim M}. 

2.2. Spaces of manifolds. In this section we give a topology to the set of neat 
embeddings between two manifolds whose restriction to the boundary satisfy some 
conditions, as well as to the set of all compact connected oriented neat submanifolds 
of dimension 2 of a collared manifold M that have a prescribed behaviour near the 
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boundary of A/. Roughly speaking, this behaviour consists on two things: first, 
they intersect the boundary of AI in the same subset, second, they are coUared 
along 9°M and share the same jet along dM. 

We say that a pair of embeddings f,g: B ^- M have the same incidence relation 
if f{x) and g{x) belong to the interior of the same connected face of M for all 
X G B. To each embedding /: _B — >■ Af we can associate a function [/] from B to 
the set of faces of M that sends a point x to the minimal face to which f{x) belongs. 
Then / and g have the same incidence relation if and only if [/] = [g] . We denote 
by Emb(i3, M; [/]) the space of neat embeddings g of i? in M such that [g] = [/], 
endowed with the Whitney C°°-topology, as in |Cer61j . If /: {B, A) -^ (M, W) is 
an embedding of a pair, we denote by Emb((S, A), (M, W); [/]) C Emb(-B, M; [/]) 
the subspace of embeddings of the pair {B, A) into the pair (M, W) that have the 
same incidence relation as /. 

A boundary condition for Emb(-B,M; [/]) is a function q that assigns to each 
point of i? a neat submanifold of [/](a;) and is constant on each connected face. 
We denote by Emb{B,M;q) C Emb(_B, M; [/]) the subspace of those embed- 
dings g such that g{x) G q{x). li A C B and W C M, then we denote by 
Emh{{B,A), {AI,W);q) C Emb(i?, M;^) the subspace of embeddings of the pair 
(B, A) into the pair (M, W). 

We denote by Diff(M) C Emb(M, M; [Id]) the space of diffeomorphisms of M 
that restrict to diffeomorphisms of the each connected face. If 14^ is a submanifold, 
we denote by Diff (A/; W) C Diff(M) the subspace of those diffeomorphisms of M 
that restrict to a diffeomorphism of W, which is orientation-preserving if W is 
oriented. We denote by DiSg{M) the space of diffeomorphisms of M that restrict 
to the identity on the boundary. 

If /, g : B -^ M are neat embeddings, we say that / and g have the same jet 
along dM if f~^{dM) = g~^{dM) and all the partial derivatives of / and g at 
all points in f~^{dM) agree. This defines an equivalence relation and we define 
the set of jets Jg{B,M) to be the quotient of the set of all neat embeddings of 
B into M by the relation of having the same jet. If d £ Jd{B, M), we denote by 
Emb(i?, M; d) the space of all neat embeddings of B into M whose jet is d endowed 
with the Whitney C°° -topology. 

Let us denote by T^'M the r-fold tangent space of M; where T'^M := TT^-'^M. 
Let T°°M be the inverse limit of the projections 

... — > T''M — > T''-H'I — > ... — > TM — > M, 

and write T^M := r°° Af|aA/- If e G Emh{B, M; d) is an embedding with e{dB) C 
9Af, then it induces a map T°°e: Tq^B — ^ T°°M. By construction, the image of 
this map only depends on d, and this defines a map Jb '■ Jd{B, M) — >■ V{T°°M) to 
the power set of T°°M. We define the space of boundary conditions A(B, M) as 
the image oi jb and by A„(Af) the union of the images oi jb, where B runs along 
diffeomorphism classes of n-dimensional manifolds, li 5 G A{B,M), we denote by 
£{B, M; d) the set of submanifolds W in M diffeomorphic to B such that T^W ^ S. 
If JB{d) = 5, we endow it with a topology via the bijection 

Emb(B, A/; d)/Diffa(S) — > £{B, M; S) 

that sends a class of an embedding e to its image. If W is orientable, we write 
A+(i3, A'l) for the space of pairs {S, 9) where S G A(B, M) and 6 is an orientation 
of 6. If (5 e A+(S, M), we write S^{B, A/; 6) for the set of oriented submanifolds 
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W of M diffeomorphic to B such that Tq'W = S, and we topologize it using the 
bijection 

Emb(B, M; d)/DifF+(S) — > £+{B, M; S). 

If S = S is a collared compact connected oriented surface, this topology does 
not depend on the chosen d, because if j(d) = j{d'), then there exists a diffeo- 
morphism h (that does not need to fix the boundary) of E such that the map 
Enib(I], M; d) — > Emb(E, M; d') given by composing with ft, is a homeomorphism. 
Similarly, a diffeomorphism h: E — )■ S' induces a homeomorphism Emb(I], M\d) — > 
Emb(S',M;do /i~^), which is equivariant with respect to the induced homeomor- 
phism Diff~''(E) — >■ Diff^(E'). Therefore, this space is determined by the genus of 
E and the boundary condition 5 (which describes the boundary of E). 

Notation 2.3. If E has genus g and h boundary components, we use the shorter 
notation £\{M\5) := f+(E,M;5) (although specifying b is redundant, as it is 
already given by 5). We will write 5^ := i5 n d'^M, and we observe that (5" is 
determined by its underlying submanifold (hence, if M is a manifold with boundary 
i.e. dM = d^M , then A2(M) is the set of compact submanifolds of dimension 1 in 
dM). We denote by Diff(Af ; 5) the space of those diffeomorphisms that fix 5. 

2.3. Tubular neighbourhoods. Let y C Af be a neat submanifold and denote 
by Nji/F — TM\Y /TV the normal bundle of V in M. A tubular neighbourhood of 
V in M is a neat embedding 

so that the restriction f\y is the inclusion T^ C Af and the composition 

TV ® ^mV —^ T{NmV)iv -^ TMiv '^-^' ^mV 

agrees with the projection onto the second factor. If Ty C Af is a submanifold, and 
the inclusion V C M is an embedding of pairs of {V, V (1 W) into {M, M n W), we 
define a tubular neighbourhood ofV in the pair (Af, W) as a tubular neighbourhood 
/ of y in M such that f OW is a, tubular neighbourhood of y n W. 

We may compactify 'NmV fibrewise by adding an sphere at infinity to each fibre, 
obtaining the closed normal bundle NmV of V in M. We denote by S(NmV) C 
N7\/y the subbundle of spheres at infinity. We define a closed tubular neighbourhood 
of a collared submanifold V to be an embedding of NmV^ into M whose restriction 
to ^mV is a tubular neighbourhood. 

Note that V determines an incidence relation / for NmV in M, by assigning to 
each vector {x, v) the minimal face to which x belongs. We denote by Tub(y, M) C 
Emb((NAfy, V"), (Af, F); /) the subspace of tubular neighbourhoods. A boundary 
condition qpf for a tubular neighbourhood of ^ is a boundary condition for V in 
M, and we denote by Tub(y, Af; gjv) C Tuh{V,M) the subspace of those tubular 
neighbourhoods t such that t{x,v) C 9Ar(x). We denote by Tub(F, {M,W);qN) C 
Tub ( y, Af; qjv) the subspace of tubular neighbourhoods of V in the pair {M,W). 
Finally, if g C qat is a pair of boundary conditions, we denote by Tub(y, Af ; (qn, <?)) 
the space of tubular neighbourhoods of V in Af such that the restriction to each 
face F is a tubular neighbourhood in the pair {q]\[{x),q{x)), where x is any point 
inf^. 

The following lemma follows from the proof of |God07[ Prop. 31], where it is 
stated for the space of all tubular neighbourhoods of compact submanifolds. 
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Lemma 2.4. // V and W are compact submanifolds of M and qn is a boundary 
condition for V in M such that qN{x) is a neighbourhood of x in the face [V C 
M](x), then the spaces Tuh{V, M^qn) and Tuh{V, {M,W);qN) are contractible. 

Proof. Let us denote by Tub(V", M; g^r) the space of all non-closed, collared tubular 
neighbourhoods of V in M. The proof in |God07| has two steps. In the first, 
a tubular neighbourhood / is fixed and there is constructed a weak deformation 
retraction H of Tub(y, M; gjv) into the subspace Tf of all tubular neighbourhoods 
whose image is contained in Lxi /. The second step provides a contraction of Tf to 
the point {/}. It is easy to see that if / is a closed, collared tubular neighbourhood 
of a pair, then both homotopies define homotopies for Tub(y, (Af, W); Qn), and the 
argument there applies verbatim. D 

2.4. Gluing maps between spaces of surfaces. For a collared manifold M, we 
will use two kind of maps between spaces of surfaces of the form £'^f^{M; 5). The 
first map glues a collar d^M x / to M and a surface P C d'^M x / to the surfaces 
in £\{M] 5). For the second map, we remove a submanifold u' C M from M. If a 
surface u" C u' is given, we may glue u" to the surfaces in M\u' , obtaining a map 
from £'i^^{M \ u'; 6') to ^^^(M; S), where h, c, 5' depends on the surface u" . In the 
following paragraphs these constructions are explained in detail. 

The manifold Mi is defined as the union of the manifold [d^M x [0,1]) and 
the manifold M along d'^M x {0} using the collar of M . The collar of M gives a 
canonical collar both to 9" Mi := d°M x {1} and to d°{d°M x /) := d^M x {0, 1}. 
The boundary condition S gives also boundary conditions 

6 = TS^{5° xI)eA+{d°M xl) 

S = TS^{WU {6" X /)) e A+(Mi) 

where W is any surface in £J"^(Af;(5). Let E' be another collared surface with 
5E' = d{d°J: X /). For each P e £{J:',d^>M x [0, l];5), there is a continuous map 

-UP: £(I],M;(5) — ^ ^(S U E', Mi; J) 

that sends a submanifold W to the union W U P. These are maps of type I. 

If E is a compact connected oriented surface of genus g and b boundary compo- 
nents, then, in some cases, we will denote the map — U P by 

ag,t{M; S, 6) : £+,{M; S) ^ £:++i,,_i(M; S) 

/3,,6(M; S, S) : £+,{M; S) ^ £+,+iiM; S) 

7,,6(M; S, S) : £+,(M; S) ^ £+,^AM; S). 

depending on the genus and the number of boundary components of the surfaces 
in the target. Note that if E has no corners, then P will be a disjoint union of 
connected surfaces, one of them a pair of pants or a disc, and the rest diffeomorphic 
to cylinders. If E has corners, then P will be a disjoint union of strips, one of them 
meeting S in two intervals, and the rest meeting (5 in a single interval. Often we will 
write ag^b{M), l3g,b{M) and 7g^(,(M) when the boundary condition is clear from the 
context or when we are talking about arbitrary boundary conditions. 

Now we define the second type of gluing map. Let s C E' be either empty or a 
closed tubular neighbourhood of an arc or a point in E. The complement E \ s is 
again a collared manifold, but if s is an arc and M is a manifold with boundary. 



HOMOLOGICAL STABILITY FOR SPACES OF SURFACES 9 

its complement is no longer a manifold with boundary. This justifies working with 
manifolds with corners. 

Let u = (u', u" , u'") be a tuple given by a neat embedding u'" e Emb(B, M\ q), 
a closed tubular neighbourhood u' of u'" in M , and a (possibly empty) surface 
u" e £{s, u'; S[u]) such that 5[u] n (5 = 5[u]'^. Then cl {M \ u') is a collared manifold 
with 9° cl [M \ u') — cl {d^M \ d^u'). The boundary conditions 5 and 5[u] give rise 
to a boundary condition 

5{u)^T^{c\{W\u")) e A+(clM\w') 

where W £ £^j(M; J) is any surface that contains u" . 
The triple u — (m', m", u"') defines a map 

£{cl^\s,clM\u'-S{u)) — >£{^,M;S) 

that sends a submanifold VF to the union W U u" . These are maps of type II. 

Notation 2.5. First, since the map defined above is completely determined by 
the tuple u, we will use the notation M{u) for clAf \ u' . Second, for maps of 
type I, we denoted with a "■ the objects that we glue to the space of surface and 
with a ~ the objects obtained by removing or gluing surfaces to £!*'{, (M; (5). For 
maps of type II, we denoted with brackets [ ] the objects that we remove from the 
space of surfaces and with parentheses ( ) the result of removing those objects. In 
addition, we denoted with '" the submanifold, with ' the tubular neighbourhood 
and with " the surface in the tubular neighbourhood. We will be consistent with 
these notations. Third, for maps of type I, the triple u defines triples u and u in 
the manifolds d'^M x / and Mi given hy u — d'~'u x I and u — uUu. If we assume 
in addition that P Du' = u" and that (9"s) x / C S' then in the diagram 

£{^{s),M{uy,6{u)) 4f((EUl]')(s),Afi(u);J(w)) 



£:(S, M; 6) > £{Y. U E', Ah; 5) 

we may construct the upper horizontal arrow as — U P \ it" . As before, we will use 
the notation P{u) = P\ u" . We will apply these constructions three times: 

In Section^ u'" will be an embedding u'" of an interval with d^I ~ {0, 1}, u" 
will be a strip, 5'^[u] a pair of intervals and u" C P a pair of strips. 

In Section|5j we will use u's instead of u's and v"' will de an embedding of a half 
disc D+ = iyr\ M X M+, with a"L'+ = D^ n M x {0}, v" will be empty, therefore 
5^[v\ and v" will also be empty. 

In Section u\ we will use p's instead of u's and p'" will be an embedding of an 
interval with d^I — {0}, p" will be a disc with 5^[u] empty, hence p" will be empty 
too. 

2.5. Restriction maps between spaces of manifolds. 

Definition 2.6. ( [Cer6HlPal60| ) Let G be a topological group. A G-space X is G- 
locally retractile if for any x G X, there is a neighbourhood U oi x and a continuous 
map (called the G-local retraction around x) £,: U ^ G such that y = ^(j/) • x for 
all yeU. 

Lemma 2.7. If X is a G-locally retractile locally connected space and Gq C G 
denotes the connected component of the identity, then X is also Go-locally retractile. 
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Proof. If ^: [/ ^ G is a local retraction around x E X, and x E Uq C U is a 
connected neighbourhood of x, since ^(x) = Id, we deduce that ^\ij factors through 
Go, and defines a Go-local retraction around x. D 

Lemma 2.8. A G-equivariant map f: E ^>- X onto a G-locally retractile space is 
a locally trivial fibration. 

Proof. For each x E X there is a neighbourhood U and a G-local retraction ^ that 
gives a homeomorphism 

f-\x) X U ^ f-\U) 

Lemma 2.9. If f : X ^^ Y is a G-equivariant map that has local sections and X 
is G-locally retractile, then Y is also locally retractile. In particular f is a locally 
trivial fibration. 

Proof. The composite of a local section for / and a G-local retraction for X gives 
a G-local retraction for Y. D 

Let P ^ _B be a principal G-bundle, let F be a left G-space. The space of 
compactly supported sections r(P -^ B) does not act on the space of compactly 
supported sections of the associated bundle r(P Xq F ^S' B). On the other hand, 
the space of compactly supported sections of the adjoint bundle P XadjG G ^^ B 
— classified by the composition B —>■ G —>■ Aut(G) of the classifying map of the 
principal bundle and the adjoint representation — , does act on TdP x^ F — >■ B). 

Lemma 2.10. If B is compact and locally compact, and F is a locally equiconnected 
(i.e. the inclusion of the diagonal in F x F is a cofibration) G-space that is also 
G-locally retractile, then map(_B,_F) is Taa,p{B,G) -locally retractile. For a fibration 
P Xq F ^ B, the .space of sections T{E — )■ B) is T{P XadjG G — > B)-locally 
retractile. 

Proof. Here is the proof of the first part, the proof of the second part follows from 
this one working with spaces over B. 

Let $: GxF^FxFhe defined as $(x, g) = (x, g ■ x). If we prove that there 
is a neighbourhood V of the diagonal D = f{B) x f{B) C F x F and a global 
section (p of the restriction $1^: ^^^{V) — >■ V, then we obtain a map(i?, G)-local 
retraction ip around any point /o G map(i3, F) as the composition 

A^{f\{foX f){B) C V} f^-H^ map(i?, V) ^ map(i?, G x F) A map(i?, G) 

where the last map is induced by the projection onto the second factor. To see 
that this is a local retraction, we first notice that A is an open neighbourhood of /o 
because B is compact and locally compact. Second, write ^: map(i3,G) x {/o} -^ 
map(i?, F), and 

m{f)){x) = i^Mfo X f)){x) = *^^(/o(x),/(x)) 
= (np{fo{x),f(x)))-fo(x) = f{x). 

So we only need to find V and (p. Let us denote by Gx,y ^ {g E G \ gx = y}. Let 
Xq E F and let ^: Uxa -^ G x {xq} be a local retraction around xq. Then there is a 
homeomorphism $'i(t/j.J -^ U^o x Ux„ x $-i(a;o,Xo) = U^a x U^a x Gxa,xo, that 
sends a triple (x, y,g) to the triple (x, y , £,{y)~^ g£,{x)) . Define V to be the open set 
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[JxeF ^x ^ ^x- The restriction $|y/ : $^^(V^') — >• V' is locally trivial, hence a fibre 
bundle. 

As we have assumed that F is locally equiconnected, we may take a neighbour- 
hood deformation retract V oi D C F x F, and since f{B) is compact, we may also 
impose that V C V . Then in the following puUback square of fibre bundles 



D >V 

the bottom map is a homotopy equivalence and the left vertical map has a global 
section that sends a pair (x, x) to the pair (x, e), where e € G is the identity element. 
Therefore the right vertical map has a global section too. D 

If p: E ^ B is a, rank n vector bundle over a manifold B, we denote by Yectk{E) 
the space r(Grfc(ii^) ^- B) of rank k vector subbundles oi E. If P — > _B is the 
associated principal bundle, let GL{E) be the space of sections T{P Xadj(GL„(R)) 
GL„(IR) -> B) of the adjoint bundle. If Z C dB is a submanifold and Lq e 
Yectk{E^z) is a vector subbundle, we denote by Vectk{E; Lq) C Vectfe(£') the sub- 
space of those vector bundles whose restriction to Z is Lg, and by GLz{E) C GL{E) 
the group of bundle automorphisms of E that restrict to the identity over Z. 

Lemma 2.11. The Grassmannian Grfe(M") is compact, locally equiconnected and 
Ghn{R) -locally retractile. 

Corollary 2.12. IfB is compact, then the spaceYect(E) is Gh{E) -locally retractile 
and the space Yect i^ [E ; Lg) is Ghz{E)-locally retractile. 

The following lemma is a consequence of a more general theorem proved by 
Cerf |Cer61| in full generality for manifolds and, in more restricted cases, by Palais 
|Pal60| and Lima |Lim63| (who gave later a shorter proof). 

Lemma 2.13. (^Mli 2.2.1 Theoreme 5, 2.4.1 Theoreme 5']^ If f : B ^ M is 
an embedding of a compact manifold B into a manifold M, then Emb(i3,M; [/]) 
is Y)iS{M) -locally retractile. If d is a jet of an embedding of B into M, then 
Emh{B,M;d) is BiSg{M)-locally retractile 



Applying Lemma |2.8| to the restriction map we obtain 

Corollary 2.14 ( [CerSlj ). If A C B is a compact submanifold and f : B ^ M is 
an embedding, then the restriction map 

Emb(B, A/; [/]) -^ Emb(A, M; [/|^] 

is a locally trivial fibration. 

We will need local retractibility for the space of surfaces in a manifold: 



Lemma 2.15 ( BF81, MicSOJ). If B and M are manifolds, d is a jet of B in M 
and S — j{d), then the quotient map F,mh{B,M;d) — >■ Emb(i3, M; (i)/Diffg(_B) :— 
£{B,AI;6) is a fibre bundle. T)iSg{B) may be replaced byT)iSQ{B) if B is oriented. 

From Lemmas 12.91 and 12. 151 we deduce that 

Corollary 2.16. The space £^i^{M;S) is DiSg{AI)-locally retractile. 
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We will also need local retractibility for two more spaces. 

Lemma 2.17. Let W d M be a submanifold, let A d B be manifolds, and 
let f: {B,A) — > {M,W) be an embedding. The space of embeddings of pairs 
Emb((B,yl), (M, W); [/]) is Diff(Af; W)-locally retractile. 

Proof. Let eo be one such embedding, and consider the diagram 

Diff(M; W) X {eo} > Difr(M) x {eo} 



Diff(T^) X {eo|A} 



-^Emb(M^,M;[W^C Af]) 



°eo\A 



-^Emb(B,Af;[/]) 



Emb(A,W^;[/|^]) 



-^Emb(^,A.f;[/|^]) 



where the space X C Emb(i?, M; [/]) is the subspace of those embeddings e such 
that e{A) C W . Hence the bottom square is a pullback square and has a nat- 
ural action of Diff(M; W, [/]). The space Emb((B, A), (M, W)\ [/]) is a subspace 
of X and is invariant under the action of Diff(Af ; W). All the vertical maps ex- 
cept Emb(W",M; [W C M]) -^ Emb(A, Af; [/|^]) are orbit maps. AU the vertical 
maps except possibly h: Diff (A//; VK) x {eo} — J> X are locally trivial fibrations by 
Lemmas 2.8 and 2.13[ Moreover, h is the pullback of the other three vertical 
maps, hence is also a locally trivial fibration, so it has local sections. As the 
subspace Emb((B, A), (Af, W); [/]) C X is Diff (Af; W^)-invariant, any Diff (Af ; W)- 
local retraction around eg in X gives, by restriction, a local retraction around eo in 
Emb((B,A),(Af,W^);[/]). D 

Corollary 2.18. The space Emb(i?, Af ;(7) is 'DiS{M;q) -locally retractile and the 
space Emb((S, A), (Af, W); q) is Diff (Af ; W, q)-locally retractile. 



Proof. Both results are obtained by applying Lemma |2. 17 recursively on the sub- 
manifolds in the image of g. D 

Let B and Af be manifolds and let C C i? be a submanifold. Let q and qN be 
boundary conditions for B in Af. The set TEmb^, c (-S, Af; g,(jjv) is defined as the 
set of triples (e, t, L), where 

(i) e G Emb(i3, Af ; q) is an embedding, 
(ii) teT^{e{B),M;{qN,q)), 
(iii) L e Vectfc(NMe(C);N,(aoc)e(aOC)). 

If fc = 0, the subset C is irrelevant and we will write TEmb(i?, W; q, gjv) for 
TEmbo,c(-Bj Af ;g,qjv). Note that if d^C ^ 0, the last condition forces k = 
dimqid°C)-dimd°C. 

The set TEmbk,c{B,M;q,qN) has a natural action of the discretization of 
Diff(Af ; q, qjy) given as follows: If t; is a diffeomorphism of M and t is a tubu- 
lar neighbourhood as above, then g induces isomorphisms TM\^(^b) -^ T'Af|ge(B) 
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and Te{B) — > Tge{B), hence an isomorphism g^ : NMe(i?) — > ^Mg&{B). We define 
g{t) as the composite 

NM.ge(B) ^ NMe(B) ^ M ^ M. 

We define g{L) as g*{L). 

Endow the set TEmbk^c{B , M; q, qn) with the following topology: for a point 
(eo, io, -^0)1 pick a Diff(A/; q, gAr)-local retraction <^ : fo — >■ Diff (M; g, gjv) aromid eo 
using Lemma |2.13| and write 

Ue„ = {(e,i,i) e TEmbfc,c(S,A'/;g,<Zjv) | e e C/q}. 

There is an injective map 

j: Ueo — > Emb(NMeo,Af;gAr) 

given by Jie,t,L) = (^(e), to ^(NMe(S)),^(NAfe(C))(L)) and we give C/e„ the sub- 
space topology. The [/g's cover TEinhk,c{B,M;q,qN), so they define a topology. 
This discussion applies to the subspace TEmbk^ciiB, A), {M, W); q, qN) of tubular 
neighbourhoods of embeddings of a pair (-8,^4) in a pair {M,W), and this latter 
space has a natural action of Diff(Af ; W, q, qN). 

Lemma 2.19. The space TEmbfe^c'(5: M; q, qjv) is Diff(Af ; q, q]\j)-locally retractile. 
Proof. Let (eo,to,-^o) G TEmbfc_c(-B, Af ; q, ^at). Let 

£,eo ■ Ue„ — > Diff (Af ; q, qN) 
be a local retraction around eo in Emb(i?, M; q). Let 

^to-Uto~^'DiSiM;q,qN) 
be a local retraction around to in Tub(eo(-B), Af ; {qN, q)). Let 

eLo-ULo^GLaoc{NMe{C)) 

be a local retraction around Lq in Vectfc(NMeo(C); Nq(goc)eo(5°C)). There is a 
canonical embedding GLaoc(Nj\/eo(C)) — > Diff(to(NA./e(C)); g, ^at) induced by the 
diffeomorphism to, and using a bump function we may construct a non-canonical 
embedding Diff(to(Nj\/eo(C));g, gw) — ^ Diff(A/;q, g^r). We denote by 

^Lo-ULo^'DiSiM:,q,qN) 

the composite of ^^ and these embeddings. Note that £,to(t){eQ) = cq, that 
^Lo{L){eo) = eo and that ^ig(L)(to) = to, by the definition of tubular neigh- 
bourhood and the definition of the action of DifF(Af ; q, qN) on the space of tubular 
neighbourhoods. Let U C TEmbfe.c'(i?, M; q, qN) be the intersection of the inverse 
images of Ugg, Utg and Ulq under the projection maps. For a point {e,t,L) in {/, 
let us denote ti — ^eo(e)~^(t) and ii = 60(^1)^^ ° ?eo(e)^^(-^), and define a map 

e: [/^Difr(M;g,Qjv) 

given by f(e,t,L) = 60(e) o Cto(ii) ° Clo(^i)- ^ 

Using the proof of Lemma |2.17[ and the previous lemma we obtain 

Corollary 2.20. The spaces TEmhk^c{{B, A), {M,W);q,qN) are Diff(Af; g, gjv)- 
locally retractile. 
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2.6. Resolutions. A semi-simplicial space, also called A-space, is a contravariant 
functor 

X.:A°P.^Top 

from the category Ajnj whose objects are non-empty finite ordinals and whose mor- 
phisms are injective order-preserving inclusions to the category Top of topological 
spaces. The image of the ordinal n is denoted X„ and we denote by dj : Xn+i — > Xn 
the image of the inclusion n = {0, 1, . . . , n — 1} ^-^ {0, 1, . . . ,n} = n + 1 that misses 
the element j G {0, 1, . . . , n}. These are called face maps and the whole structure 
of X, is determined by specifying the spaces X„ for each n together with the face 
maps in each level. 

A semi-simplicial space augm,ented over a topological space X is a semi-simplicial 
space AT, together with a continuous map e: Aq — > A (the augmentation or 0- 
augmentation) such that edg — edi : Xi — ;> A. Alternatively, an augm,ented semi- 
simplicial space is a contravariant functor 

^.:ArP^o->Top 

from the category Ajnj^o whose objects are (possibly empty) ordinals and whose 
morphisms are injective order-preserving inclusions to the category Top. As above, 
we denote by dj : A„ — > A„+i the image of the inclusion that misses j and we denote 
by e the image of the unique inclusion — > 0. We denote by e^ : A.^ — >■ A the unique 
composition of face maps and the augmentation map. 

A map between (augmented) semi-simplicial spaces is a natural transformation 
of functors. If A, — > A and Y, — ?> F are augmented semi-simplicial spaces, a 
semi-simplicial map /, is equivalent to a sequence of maps /„ : A„ — >■ y„ such that 
di o fn = fn~i ° di. We write f : X ^ Y for the map between augmentations. 

Recall that there is a realization functor 

I • I : Semi-simplicial spaces — >■ Top 

and we say that a semi-simplicial space A, is a resolution of a topological space A 
if it has an augmentation to A and the map induced by the augmentation 

|6.|:|A.|^A 

is a weak homotopy equivalence. We say that it is a n-resolution if the induced 
map is n-connected (i.e. the relative homotopy groups 7ri(A, |A,|) vanish ii i < n). 
We will use the spectral sequences given by the skeletal filtration associated to 
augmented semi-simplicial spaces as they appear in |RW09j . For each augmented 
semi-simplicial space e, : A, — ^ A there is a spectral sequence defined for i > 0, 
s > — 1 whose first page is 

Es,t = Ht{Xs) => Hs+t+i{X, |X,|), 

and for each map between augmented semi-simplicial spaces /, : A, — > Y, there is 
a spectral sequence defined for t>Q,s>—l whose first page is 

El, = HtiYs,X,) ^ i/,+,+i((|6ri), (kf I)) 

where, for a continuous map /: A — > _B, we denote by Mf the mapping cylinder of 
/ and by (/) the pair {Mf,A). 

The following criteria will be widely used throughout the paper. 
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Criterion 2.21. [RWOQ) Lemma 2.1] Let e, : X, -^ X be an augmented semi- 
simplicial space, and let Ci'. Xi ^^ X be the unique face maps. If each e^ is a fibration 
and Fihx{ei) denotes its fibre at x, then the realization of the semi-siniplicial space 
Fib2:(e,) is weakly homotopy equivalent to the homotopy fibre o/ |e, | at x. 

An augmented topological flag complex is an augmented semi-simplicial space 
e, : X, — > X such that 

(i) the product map Xi -^ Xq Xx ■ ■ ■ x-x Xq is an open embedding, 
(ii) a tuple {xq, . . . , xj) is in X^ if and only if for each < j < fc < i the pair 
{xj.Xk) £ Xq Xx Xq is in Xi. 

Criterion 2.22. jGRW12[ Theorem 6.2] Let e, : X, ^ X be an augmented topo- 
logical flag complex. Suppose that 

(i) Xq — > X has local sections, that is, e is surjective and for each xq G Xq 
such that e{xo) = x there is a neighbourhood U of x and a map s: U ^f Xq 
such that es{y) = y and s{x) = xq, 
(ii) given any finite collection {xi, . . . ,Xn} C Xq in a single fibre of e over 
some X € X, there is an x^o in that fibre such that each {xi,Xoo) is a 
1 -simplex. 

Then |e, | : |X, | -^ X is a weak homotopy equivalence. 

Remark 2.23. For the second condition, we could also ask that there be an xq 
such that each {xQ,Xi) is a 1-simplex, and the conclusion still holds. 

Criterion 2.24. Let /, : X, — > Y, be a map of augmented semi-simplicial spaces 
such that |e^| : \X,\ -^ X is {I — 1) -connected and |e^| : |Y,| — > Y is I -connected. 
Suppose there is a sequence of path connected based spaces {Bi,bi) and maps pi : 
Yi — >■ Bi, and form the map 

Qi : hofib6,(p,; o /j) — > hofibb^(pi) 

induced by composition with fi. Suppose that there is a k < I -'r 1 such that 

Hq{gi) — when q + i < k, except if {q, i) — (fc, 0). 

Then the map induced in homology by the composition of the inclusion of the 
fibre and the augmentation map 

H,{gQ) -^ Hgifo) -U Hgif) 

is an epimorphism in degrees q < k. 

If in addition Hk{go) = 0, then IIq{f) — in degrees q < k. 

Given the data in this criterion, we will call the map of pairs (gi) —> (fi) the 
approximation over bi, and we will call the composition (g^) — > (fi) — > (/) the 
approximate augmentation over bi . 

Proof. We have a homotopy fibre sequence of pairs {gi) — )■ (fi) — )■ Bi, and so a 
relative Serre spectral sequence 

El^ = Hp{B.,;nq{g,)) =^ i/p+,(/.). 

Since IIq{gi) — for all g < k — i except {q, i) — {k, 0), we have that Hq{fi) = for 
d\\ q + i < k except {q,i) — {k,Q). Moreover, if z = 0, all differentials with target 
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or source Ha{B]'Hq[ga)) for q < k are trivial, and these are the only possibly non- 
trivial groups with total degree p + g < k, hence Hq{gQ)-^HQ{B;V.q{go)) —J- Hg{fQ) 
is the composition of two epimorphisms if g < fc. 

The first page of the spectral sequence for the resolution (/,) —> (/) is 

and it converges to zero in total degrees p + q < /. Since Hq{fp) = for all p + q < k 
except {p, q) = (0, fc), any differential with target ELi „ for (7 < fc and r > 2, 

has source a quotient of Hq^r+i{fr~i), which is trivial. As fc — 1 < /, and the 
spectral sequence converges to zero in total degrees p + q < I, we have that for each 
q < k there is an r > 1 such that E^i „ = 0, hence the homomorphisms induced by 
the augmentation map di : Hq{f()) — > Hq{f) are epimorphisms in degrees q < k. 

For the second part, note that in that case all epimorphisms Hq{go) —> ifq(/o) — > 
Hq{f) have trivial source when q < k, hence the target is also trivial is those 
degrees. D 

There is one final concept which we will use rather often. We say that a pair of 
maps 

is a homotopy fibre sequence ii g o f is the constant map to a point c& C, and the 
induced map /* : A — )■ hoSbcig) is a weak homotopy equivalence. For our purposes, 
such data can be treated as though g were a fibration and / were the inclusion of 
the fibre over c. 

3. Resolutions of spaces of surfaces 

In this section we will construct two {g — l)-resolutions of the space £'^i^{M; 6), 
where M is a collared manifold with non-empty boundary and S G A2 (A/) is a 
non-empty boundary condition (in particular & > 1). We will also characterize 
the space of z-simplices of each resolution as the total space of a certain homotopy 
fibration. Afterwards we will explain how these {g — l)-resolutions give rise to a 
(g — l)-resolution or a g-resolution of the stabilisation maps (the connectivity of 
each resolution depends on the stabilisation map), and how to characterize their 
spaces of z-simplices. 

3.1. Resolutions of a single surface. In the proof of |RW09l Proposition 4.1] 
the following semi-simplicial space was introduced: if M^ is a compact connected 
oriented surface with non-empty boundary, and fcoi^i ^re embedded intervals in 
dW, the semi-simplicial space 0{W;ko,ki), is defined as follows: An z-simplex is 
a tuple (ao, . . . , a^) of pairwise disjoint embeddings of the interval [0, 1] in W such 
that 

(i) aj{0) € fco and aj{l) G fci, 

(ii) the complement of oq U . . . U ai in VF is connected, 

(iii) the ordering at the endpoints of the arcs is (ao(0), . . . , ai(0)) in fco and 
(ai(l), . . . , ao(l)) in fci, where fcp and fci are ordered according to the 
orientation of S. 
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The jth face map forgets the jth arc. In order to smrpUfy the notation we wiU write 
[i] for {0, . . . , i}. The set of i-simpUces is topologized as a union of components of 
the space Emb(/ x [i] , W; q) with q{x) = kj if a; G {j} x [i] and q{x) ~ M otherwise. 

Proposition 3.1 (Proposition 4.1 of |RW09| ) . The realization |0(M^; fco, fci),| is 
{g — 2)-connected, where g is the genus of W . 

3.2. Resolutions of spaces of surfaces. Let £o,ii C d'^M be a pair of disjoint 
open balls that intersect (5° in two intervals and write £ = (^O: ^i)- There is a semi- 
simplicial space Og^b{M;6,i), (for which we write Og^b{M;S), for brevity) whose 
i-simplices are tuples (W, uq, . . . , Ui) with Uj = (u'-, u", u"') where 

(i) We£+,{M;S), 

(ii) {u'^',...,ul')eO{w,ion5,e,n5),, 

(iii) {u'pu'l) is a closed tubular neighbourhood of u"' in the pair (M, W), such 



that u'JO, -) e lo and u'Al, -) € £ 



(iv) Uq, ■ ■ . ,u[ are pairwise disjoint. 
The jth face map forgets Uj, that is, it sends an i-simplex (W,uq, . . . ,Ui) to the 
(i— l)-simplex (W, uq, . . . , u^-, . . . , Ui). There is an augmentation map e, to the space 
£'^f^{M; S) that forgets everything but W. This defines a semi-simplicial set, and we 
topologise the set of i-simplices as a subspace of £J'j,(M; S) x TEmb(/ x [i] , AT. q, q^), 
where q and q^ stand for the boundary conditions 

q{{0} X [i]) = In n S q{{l} X [i]) = £i n S q{x) ^ M otherwise 
(77v({0} X [i]) — £q gAr({l} X [i]) — h q{x) — M otherwise. 

If we want to stress that Iq and ii intersect the same (different) component (s) of 
5, we will denote the semi-simplicial space by Oj bi-^^'i ^' ^)» (^o bl-^^J ^^ ^)»)- 

Proposition 3.2. Ogi,{M;S), is a [g ~ \)-resolution of £\{M\5). 

Proof. In order to find the connectivity of the homotopy fibre of e,, we use Cri- 
terion 2.21 to assure that the semi-simplicial fibre Fibi^(e,) of e, over a surface 
W is homotopy equivalent to the homotopy fibre of |e, |: the space £^j^{M;5) is 
Diff9(M)-locally retractile by Corollary |2.16[ and, as the group Diff(M;(5, ^) acts 
too on this space, any local retraction for Diffa(Af ) gives also a local retraction for 
Diff(M;(5, £). In addition, the augmentation maps e; are Diff (M; (5, £)-equivariant 
for all i. Therefore, by Lemma [2. 8[ they are locally trivial fibrations. 

The i-simplices of Fibvi/(e.) are tuples (uq, . . . , Mi) with Uj = (u'^u", u'") where 
m'" are embeddings of an interval in W and {u'pu'j) are pairwise disjoint closed 
tubular neighbourhoods of u'" the pair {W, M) . Forgetting the closed tubular 
neighbourhoods gives a levelwise Diff(M; W^, (5, i?)-equivariant semi-simplicial map 

r. : Fibpy (e.) — ^ 0{W; £o n J, ^i n 6),, 

and the space of i-simplices of 0{W;iQ n 5, £i n S), is Diff(VF)-locally retractile. 



and also Diff(M; VF, (5, ^)-locally retractile by Corollary 2.18 Therefore, by Lemma 
2.8[ r, is a levelwise locally trivial fibration. The fibre of r, over an z-simplex 
is a space of closed tubular neighbourhoods of arcs in the pair {M, W), which is 



contractible by Lemma 2.4 so r, is a homotopy equivalence. As the space on the 



right is (g — 2)-connected by Proposition |3.1[ the result follows. D 

Define Ai{M; S, i) to be the set of tuples (ug, ■ • • , Wi) with Uj — {u'pu'-, u''') and 
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(i) the u'" : I ^ M are pairwise disjoint embeddings with w'"(0) g £o H <5 and 

u'^'{l) ehnS, and u;"(0) > <'(0), u'j'{l) < <"(!) if j > k. 
(ii) u' is a closed tubular neighbourhood of m'" disjoint from u'f. if j ^ fc 

whose restriction to u"'({0, 1}) is a closed tubular neighbourhood in the 

pair id°M,Sne), 
(iii) u" is the restriction of m' to some oriented line bundle Lj C Nmm'/' such 

that L,|a„y. = iVan^au;"), i.e. i, € GY+{NMu'^';^Snddu'f)). 

This space is in canonical bijection with a union of components of the space 
TEmbi /x[i](^ X [*], M; q, qn). The bijection sends a triple (u', u" , u'") to the triple 
{u'" ,u' , Lj), and we use it to give a topology to Ai{M;5,i). There are restriction 
maps 

that send (VF, uq, . . • ,Ui) to (uq, . . • ,Ui). 

Proposition 3.3. These maps are fibrations, and using the notation of Section 



2.4 . their fibres over a point u — (uq, . . . ,Ui) in Ai{M] S, i) are given by 



£+,_,,,+,+,{M{u);S{u)) -^ OUM;S,£), -^ A{M;6,e) 



depending on how many components of S intersect £q and £1 . 



^g-^fi+^-liMin);Siu)) -^ Ol,{M;S,£), -^ A,{M;5,£). 



Proof. The restriction maps are Diff (A/; 6, £)-equi variant, and the space Ai{M; 6, £) 
is Diff(M; 5, £)-locally retractile by Lemma [2. 19 hence the map is a locally trivial 
fibration by Lemma [Z8l 



The fibre over a point u is the space of surfaces M^ in M that contain the 
strips (mq , . . . , u'l) and such that W\{uq, . . . , u'-) lies outside u'q Li . . . Li u'^. If we 
take a parametrization /: S — >■ VF of any surface and write a = (oq, . . . , a^) = 
(/^^ o Ug,...,/"^ o w"), this space is canonically homeomorphic to the space 
£(S(a),M(u);(5(u)), so we just need to classify S(a). 

Removing a strip from E is the same as to removing a 1-cell, up to homotopy 
equivalence, hence x(S(a)) = x(^) + i + 1- Now, let us say that a strip a" in 
S is of type I if both components of 9a" are contained in a single component of 
9S((aQ , . . . , a''_i)), and that it is of type II in other case. 

• If a" is of type I, then 9I](aQ , . . . , a") has one more boundary component 
than 6 and, as a consequence of the last condition of the definition of 
0(S),, the strip a^+i is again of type I. 

• If a" is of type II, then d'E{aQ, . . . , a") has one less boundary component 
than S and, as a consequence of the last condition of the definition of 
0(S),, the strip a'Li is of type I. 

Hence, the only strip of type II that may occur in the construction of 9I](a) is the 

one given by Oq in 0^(1]),. Hence 9I](a) has b + i + 1 components if a S O (S), 

2 

and b + i — 1 components if a S O (S),. Finally, we obtain the genus of S(a) from 

the formula g — ^~^~ . D 
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(B) 



Figure 1. (A) A 2-simplcx in the boundary resolution. The grey 
shadows are the balls Iq and £i. (b) Detail of one of the closed 
tubular neighbourhoods u' with its strip u" near the boundary 



3.3. Stabilisation maps between resolutions. In this su bsec tion we will show 
how to extend the stabilisation maps defined in Subsection |2.4| to maps between 
the resolutions we have constructed. 



ol,iM;S, 



^Oi^i,,_i(Mi;<5,l), 



Ol,{M;5,e),- 



9,b^ 



-^Ol,^^{Ah;5,ih 



(3.1) 



£+tW5) 






^£o+i,b-AMv,S) 



^s+6(A^.'5) 






^£,,b+i(^h;S). 



In Section 



2.4 



we defined the map ag^b{M; S, 5) by gluing a cobordism P C 9°M x I 
to each surface in £~^j(M;5). As we did there, in the following constructions we 
will assume, without loss of generality, that 

(i) lo^lax {1} and 4 = <'i x {1}, 
(ii) Pn{ix I) = {en6) X I,m particular InS={enS)x{l}. 

These assumptions make the extension of the stabilisation map canonical: Let us 
define Uj = duj x I. Then, joining the closed tubular neighbourhoods, strips and 
arcs in (uq, . . . ,Ui) that live in Ai{M;S,£) to the products (uq, . . . ,Ui) that are 
subsets of d'^M x /, we obtain new triples {uq, . . . ,Ui) that live in Ai{Mi;5,i), 
where Uj — uU Uj. This rule defines the dashed maps ag_b(M; (5, i5)i in the first 
diagram. These maps commute with the face maps and with the augmentation 
maps, so they define a map of semi-simplicial spaces 

which is augmented over (ag,b(Af ; 6,6)). Analogously, we can define a map 



l3g4M;6,6),:Ol,{M;6,£), 
which is augmented over {(3g^b{M;6,6)). 



Ol,+,{Mi;6,£), 



Corollary 3.4 (To Proposition 3.2 1. The semi-simplicial pair (ag_f,(M; (5, (5),) to- 



gether with the natural augmentation map to {ag,b(M;6,6)) is a g-resolution. The 
semi-simplicial pair (/3g_b(Af ; (5, (5),) together with the natural augmentation map to 
iPg,b{M;6,6)) is a {g ~ 1) -resolution. 
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There is a commutative square 



Ol,{M;6J), """'''^'''^'X r^i ,,_,(Afi;,5,J). 



(3.2) 



f;_.,,+._i(M(u);<5(u)) 



£U,b+^(Ml{n);S{u)). 



A, ( Af ; S, £) ""^ > A, {M,;S, I) 

where the lower map is a homotopy equivalence. Hence we obtain a map between 
the fibres over the points u and u of the fibrations of Proposition |3.3[ 

(3.3) 

More concretely, this is a map of type I given by the cobordism P\u" C 9°Af (u') x/. 
Checking the difference of the genus of the surfaces in the source and target space, 
it follows that this map is denoted f3g^i^i,+i-i{M{u)-,S{u.),S{u)). 

As the map Ai{AI;S,i) — )■ Ai{Mi;S,I) is a homotopy equivalence, the space 
^^-i b-|-i_i(-^^(u); <^(u)) is homotopy equivalent to the homotopy fibre of the com- 
position of the augmentation map of O^ i^{M;6,£), with this map. Moreover, we 
have sh own that the map between the fibres of the locally trivial fibrations of di- 
agram (3.2 1 is a stabilisation map /3g_i.b_|_i_i(A'f (u); (5(u), (5(u)). As a consequence 



we have a diagram 



hofibu(p) 



0l,-,.b+^-liMiu)■.5{u).S{u)) 



^£Ub+^(^'h{n)■,Siu)) 



-^ hofibu(p') 



Ol,iM;S,iy, 



,^t{M;S,S), 



-^Ol^,^,_,iM,;S,ih 



A,{Mi-5,l>). 

This gives that the pair (hofibu(p'),hofibu(/3)) is homotopy equivalent to the pair 
(/3g_,,b+,-i(A/(u);,5(u),^(u))). 

Following the same procedure with the map /3g_b(M; (5, (5), we obtain that the 
pair given by the map from the homotopy fibre of O^ b{M; 6,£)i — >■ Ai{Mi;S,I) to 
the fibre of Oli,{M;6)i -^ Ai{Mi;6,I) -^ Ai{Mi;S,i) is homotopy equivalent to 
the pair given by 



'g-i-l,6+i+ 



i(Af(u);<5(u)) -^ £+^^iM,iuy,S{u)) 



which is a map of type ag^i^i_b+i+iiM {u); S{u) , S{u}) . 



Corollary 3.5 (To Proposition 3.3). There are homotopy fibre sequences 
i(3g-^,b+^-l{M{u)■,S{u))) -^ {ag.b{M-5)i) -^ A{Mi;6~£), 
{ag^^-l,b+^+l{M{u)■,S{u))) -^ {lig^b{M-5)i) -^ AiMi;6~£), 
that is, the homotopy fibre over u is homotopy equivalent to the pair shown. 
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Figure 2. The map ai^2(,M) acting on a 2-simplex in the bound- 
ary resohition. 



4. HOMOLOGICAL STABILITY FOR SURFACES WITH BOUNDARY 



In this seetion we will prove the first two assertions of Theorem |1.3[ leaving 
some details to Sections [5] and |6] The proof of the last assertion will be deferred to 
Section [T) 



Proposition 4.1. Let M he a simply connected manifold of dimension at least 5. 
// the dimension of M is 5 we assum,e in addition that the pairs of pants defining 
the stabilisation maps are contractible in d^M x [0, 1]. Then 



2g+i 



(i) i/*K,fc(A'f))=0/or*< 3 
(ii) H,{l3g,b{M))=0for*< f . 



This proposition will be proven by induction: Lemma |4.5| gives the starting step 



and Lemma 4.3 gives the induction step. 



Remark 4.2. The proof of Proposition |4. 1| follows the proof by induction of The- 
orem 7.1 in |RW09j . Following the language in that paper, stabilisation on ttq is 
covered by Lemma |4.5| and 1-triviality will be the subject of Sections [5] and |6] 

One important difference with that paper is that the fibrations in Proposition 
3.3 have as fiber a space of surfaces in M(u) — the complement of i arcs in M — , 
instead of M. In (RW09t Propositions 4.2 and 4.4] the fiber of the corresponding 
fibrations are moduli spaces of surfaces with the same tangential structure as the 
moduli space for which the {g — l)-resolution was constructed. This problem is 
solved in Section [5] where an additional resolution is introduced. This is the main 
technical departure from |RW09| . 



We will define the following statements, which we will prove by simultaneous 
induction: Firstly, for the stabilisation maps, 

Fg H^{ah^b{M)) = 0, for all simply connected manifolds M of dimension at 



least 5 with non-empty boundary, ^ h < g and V * < ^^^ , 



Go 



ig H^{fih,b{M)) = 0, for all simply connected manifolds M of dimension at 
least 5 with non-empty boundary, W h < g and V * < ^ . 
Secondly, for the approximated augmentations for the g-resolution ag.fc(M), and 
the {g — l)-resolution /3g^b{M),, 
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Xg H^,(Ph,b-i{M (u))) — >■ H^,(ah,biM)) is an epimorphism, for all simply con- 
nected manifolds M of dimension at least 5 with non-empty boundary, 
yh<g andV* < ^, 

Ag H^{/3h,b-i{M{u))) — > H^{afii,{M)) is zero, for all simply connected man- 
ifolds M of dimension at least 5 with non-empty boundary, V/i < g, 
V*< ^, 

Yg H^,(ah-i,b+iiM{u))) — > iJ*(/?;i,b(Af)) is an epimorphism, for all simply 
connected manifolds M of dimension at least 5 with non-empty boundary, 
V/i<5andV*< f , 

Bg H^{ah-i,b+i{M{u))) -^ H^{(3h,b{M)) is zero, for all simply connected 
manifolds M of dimension at least 5 with non-empty boundary, V/i < g 
andV*< ^. 

Lemma 4.3. If M satisfies the hypotheses of Proposition [^T7| then 

(i) Xg, Ag^Fg, (iii) Gg ^ Xg, (v) Gg, Xg_l ^ Ag, 

(ii) yg,i3g ^ Gg, (iv) i^g_l ^ Fg , (vi) Fg^,,Yg^^ ^ Bg. 

Proof, (i) The morphism induced in homology by the approximate augmentation 

Hk{Pg,b-i{Miu))) -^ Hk{ag.b{M)) 

is both zero and an epimorphism in all degrees k < -^^^ (since Xg and Ag hold), 
so Hk{ag^b{M)) = in these degrees. Similarly for (ii). 

(iii) Consider the ^-resolution ag^b{M;6), of ag^b{M;S) given by Corollary 3.4 
together with the homotopy fibre sequences 

(/3g_,,b+,_i(M(u); J(u))) — > (ag,fc(M;5),) -^ AiMi;6) 



of Corollary 3.5 For alH > 1 we have the inequality ^^ii — « < 3 , and so, as 
M(u) is simply connected, by inductive assumption Hq{f3g-i^b+i-i{M (u); S{u))) = 
for q < '^^±1 _ i. When i == we have the inequality ^^ - 1 < ^ so 
HqiPg,b-i{M{u);S{u))) = for g < ^^^ — 1. In total we deduce that we have 
Hg{Pg.,^b+^-l{M{u)■,S{u))) =_0 for g < ^ - z except (g,z) = (^,0). As 
L^^3^J ^3 + 1; ^nd Ai{Mi,S) is path-connected. Criterion 2.24 shows that the 



approximate augmentations are epimorphisms for all * < 3—. Similarly for (iv). 
(v), (vi) These will be proven in Sections [s] and [6J D 

Suppose that M is a simply connected manifold of dimension d > 5, and let us 
describe an action of the abelian group H2{M; Z) on the set 'Ka£\{M] 5) of isotopy 
classes of surfaces of genus g in M with boundary condition 5. Let e : Eg.;, '->■ M be 
an embedding with boundary condition 5, representing an element e e 7ro£J^j(Af ; 5). 
Let X G 7r2(M) = H2{M; Z) be a homotopy class of maps from S*^ to M. 

As M has dimension at least 5, x may be represented by an embedding x : S^ ^^ 
M disjoint from the image of e, and we can then choose an embedded path from 
the image of e to the image of x. Forming the ambient connect-sum along this path 
we obtain a new embedding x ■ e : T,g^i, ^-^ M . 

Lemma 4.4. The map 

H2{M;Z) X no£+,{M;S) -^ 7To£+,{M;S) 
(x, e) I — > [x ■ i] 
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is well defined and gives a free and transitive action of H2{M\'L) on 'iiq£\{AI]5). 
If d: H2{M,5;'L) — > Hi{5;'L) denotes the boundary homomorphism and [6] G 
Hi{5;'L) denotes the fundamental class, the map 

iro£l,{M-5) ^ d-\[5]) 

[e] I — > e4[I]3^f,,9Eg_f,]) 

is an isomorphism of H2{M\'L)-sets. 

Proof. Consider the natural Diff(Sg b)-equivariant inclusion, 

Lp: Emb(Eg_f,,M;(5) — !■ niap(Eg_fc, M; 5). 

As the dimension of M is at least 5 and it is simply connected, the main result 
of |Hae61j says that Lp induces a bijection 7roEmb(I]g^b, M; 5) = 7romap(Sg ;,, M; 5). 

Consider the cofiber sequence S*^ A S^ ^ — >■ Sg^f,, where T} ^ denotes a 1-skeleton 
of Eg^f, to which just a single 2-cells needs to be attached to obtain Eg,b. The second 
inclusion gives the locally trivial fibration 

map(Eg^fc, A/; 5) — > map(i;g ,,, M; 5), 

whose base space is connected because M is simply connected. The fiber over a 
point S map(I]J ^, M\ 5) is the space map(-D^, M; 0) of maps from the 2-disc D^ 
to M that restrict to o i on the boundary. 

By considering the long exact sequence on homotopy groups for this fibration, in 
low degrees, we find that 7ri(map(Ej ^, M; 5), (/>) acts on the set 7ro(map(Z?^, M; (j>)) 
with quotient 7ro(map(Sg ;,, Af ; (5)). 

We have the composition 

TToimMD^M; 0)) » 7ro(map(I]<,,6, M; ,5)) » d-\[S]) 

where the source has a free transitive 7r2(Af)-action and the target has a free tran- 
sitive i/2(A'^; Z)-action, and the map is equivariant with respect to the Hurewicz 
homomorphism. This shows that both maps are in fact bijections, and that the 
induced 7r2 (-M)-action on the set 7ro(map(I]g ;,, Af; J)) is free and transitive. 

Given this calculation, it is clear that the group Diff^(I]g.h) acts trivially on the 
set 7roEmb(Eg^6, M; S)), so there is an induced bijection 7ro£J'^(A'f ; S) -> 9^^([(5]). It 
is then easy to see that the H2{M; Z)-action on 9~^([(5]) corresponds to that which 
we constructed on 7rof'^j(A^; J). D 

This lemma allows us to begin the inductive proof of Proposition |4.1[ as it tells 
us what the zeroth homology of £\{M\ 5) is. 

Lemma 4.5. If M is simply connected of dimension at least 5, then the statements 
Fq and Go hold. As a consequence, the statements Xq, Yq, Aq and Bq hold too. 

Proof. Each stabilisation map glues on a cobordism P wit h in coming boundary 



S and outgoing boundary S. With the notation of Lemma 4.4 adding on the 2- 
chain representing the relative fundamental class of P defines an isomorphism of 
Il2{M;'Z)-sets d^^{[S]) — > 9~^([(5]) between the inverse images of the fundamental 
classes [S] and [S], and hence Fq and Go hold. D 
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5. Resolutions of spaces of surfaces that contain an arc 



In the following two sections we prove statements (v) and (vi) of Lemma 4.3 
These say that the approximate augmentations over a 0-simplex u for the resolutions 
(ag,fc(M),) and {^g^biM),), that is, the maps 

(/?g,fc_i(M(«))) -^ {agAm 
(ag_i,b+i(AfN)) — > WgMiM)), 

induce the zero homomorphism in homology in degrees * < 3— and 3— respec- 
tively. 

Let us explain the strategy of our proof of these statements, where as an ex- 
ample we consider the approximate augmentation for ag^M),. In this section (in 



particular Corollary 5.5 ) we will construct a resolution of pairs, called the relative 
disc resolution, 

{Vf3g.„{M{u)),) -^ {PgAM(u))). 

and in Corollary |5.6| we will show that its space of 0-simpliccs fits into a homotopy 
fibre sequence 

{(ig,b{M[v))) -^ iVpg,b{M{u))o) -^ D,{M{u)), 

where M{v) denotes a manifold obtained from M{u) by cutting out a 2-disc v 



spanning the arc u. Assuming that Gg holds, in Lemma 5.7 we will show that the 
approximate augmentation for (T>f3gi,{M{u)),), 

i(3gMMiv))) -^ iVPgAM{u))o) -^ {Pg,b{M{u))l 

induces an epimorphism in homology in degrees * < 3— • 

In Section [61 we apply the relative disc resolution as follows. Assuming Xg_i 
holds, we show that the composite of the approximate augmentation for the res- 
olution (I?/?g_i^f,+i(Af (u)),) and the approximate augmentation for the resolution 

(a<,,fc(M).), 

{fig,b-i{M(v))) -^ {(ig^b-i{M{u))) -^ {ag,b{M)) 

induce the zero homomorphism in homology in degrees * < ^7"" . Since we have 
shown that the first map induces an epimorphism in homology in at least these de- 
grees, we deduce that the approximate augmentations for the resolution (a^ {,(M),) 
must induce the zero homomorphism in homology in those degrees, as required. 

5.1. Thick disc resolution. Suppose we have a resolution of a stabilisation map 



ag,i,{M; 5, 5) and a 0-simplex u as in Section 3.3 (The stabilisation map /3gi,(M; S, S) 



can be treated identically). This means that we are given a pair of open balls 
i = (4, f 1) in d°M and a triple u = {u' , u" , u'") e Ao(Af ; (5, (.) where u' is a tubular 
neighbourhood of an arc u'" in M and u" is a strip in u' that contains u'" . In addi- 
tion, the stabilisation map is a map of type I that glues a cobordism P C d^M x / 
to the surfaces in £J"j(M; 5), and P contains the strips ii" — du" x /. 

Recall that the space f I^j(M(m); 5(u)), consisting of surfaces in M{u') with 
boundary condition given by 5 and the boundary of u" , was defined in Section 
|2.4| and it appeared in Proposition |3.3| as the fibre of the map 



(5.1) OgAM-5,i)o^Ao{M-6,i) 
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that forgets the surfaces. In Section [3^ we showed how to extend the stabihsation 
map to a semi-simphcial map between resolutions, which in particular gives a map 
on 0-simplices 

This map fits also in the commutative square 

^ ctf, f,(AI;6.S)Q - — — 

O^M; 6, e)o ^^^ > Ol^,^,_,{M,-5, d). 



Ao{M;S,e) "^^ >Ao{Mi;6,£), 

and the maps between the fibres are 

(5.2) (3g^,^,{M:,S,5):£+,_,iM{u):S{u)) -^ £+,{M,{uy,S{u)), 

where TL — uUu and A/i = MUd'^M x /. This is a map of type I obtained by gluing 
the cobordism P{u) :— P\ u" to each surface. We will now construct a resolution 



of the individual spaces in ( 5.2 ), and later show how to extend the map of ( 5.2 ) to 
a map of resolutions. 

Construction 5.1. Let (p be a path in P{u) from £q D S{u) to £i D S{u) that cannot 
be contracted to the boundary of P. Then S is isotopic in d^M to the oriented 
ambient connected sum ^ipS of S along ip (when (p is homotoped in d^M x [0, 1] to 
lie in d°M x {0}). 

Let rj be a path in d^ Ai from u"'(0) to u"'(l) that cancels the surgery done by ^, 
that is, so that 4kri4t^ip5 is ambient isotopic to S. 

Let D+ = {{a,b) e R"^ \ a'^ + b'^ < l,b > 0} he the half disc with some collar of 
9°-D+ = Z)+ nM X {0}, and write d^D+ for the other 1-face of -D+. Let us fix a neat 
embedding (using that M is assumed to be simply connected and of dimension at 
least 5 |Hae61| l 

disjoint from S, such that y{d^D^) is contained in u'{S(N]xju"')) C dM{u), and 
y\d«D+ - V rel (4U^i). 

We remind the reader that by definition of neat embedding y{d^D^) C d'^M{u). 
Choose, once for all, an (open) tubular neighbourhood y of y disjoint from S and 
write y° = yjj;(90£,^) and F^ = yjy(ai£)+)- 

Definition 5.2. Let 'Dg^ii{M{u);S{u),Y), be the semi-simplicial space whose i- 
simplices are tuples {W, vq, . . . , Vi) where Vj = {vj,Vj') and 

(i) We£+,{M{u);S{u)), 
(ii) v'-' : -D+ H^ M is an embedding isotopic to y with w'"(9°D+) C F", and 

v'J'{dD+\d°D+)ciY\ 
(iii) v'j is a closed tubular neighbourhood of v'-' disjoint from W, whose restric- 
tion to v'J'{dD+) is contained in y° U Y^ 

The ^'th face map forgets Vj, and there is an augmentation map e, to £'^i^{M{u); 6(u)) 
given by forgetting all the Vj. We topologise this set as a subspace of 

£+iM{u);6{u)) X TEnib(i5+ x H,Af;g,9jv), 
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where 

q{d"D+)=Y", q{d^D+)^Y\ g(a;) = A/ otherwise, qn ^ Q- 

Proposition 5.3. // M is simply connected and of dimension at least 5, then 
'^g,b{M(u);S{u),Y), is a resolution of £'^^^{M{u)\5{u)). 

Proof. In order to find the connectivity of the homotopy fibre of e, , we use Criterion 



2.21 to assure that the semi-simpUcial fibre Fibvi/(e,) of the augmentation map 
e, over a surface W is homotopy equivalent to the homotopy fibre of [e, |. The 
space £'^f^{M{u);5{u)) is Diffa(M(M))-locally retractile by Corollary 



2.16 



hence 
also Diff(M(u); (5(m), (9y)-locally retractile. In addition, the augmentation maps ei 
are Diff(M;(5(M), 9y)-equivariant for all i, therefore they are also a locally trivial 
fibration by Lemma [Z8l 

The space of z-simplices of the semi-simplicial fibre is the connected compo- 
nent of TEmb((D+ x [z],0), (M, W^);q,gAr) to which {y,Y) belongs. Let us de- 
fine the semi-simplicial space D{W, M), whose space of «-simplices is Emb((I?+ x 
[i],0), {M,W)\q), and the face maps are given by forgetting half-discs. Forgetting 
the tubular neighbourhoods gives a map 

r,:¥ihw{e,) ^ D{W,M),. 

The space on the right is not levelwise Diff (M; 9y)-locally retractile, because an 
arbitrary diffeomorphism may change the isotopy class of each embedding, but is 



Diffo(M; F)-locally retractile by Lemmas 2.7 and Corollary 2.18 In addition, r, 
is levelwise Diff(M;9F), hence it is a levelwise fibration by lemma 2.8 The fibre 
over an i-simplex v — (wq", . . . , w,-") is the space Tub((v"'(/ x [i]), 0), (M, W);qN), 
which is contractible by Lemma [2. 4[ 



The semi-simplicial space D{W, M), is a topological flag complex, and we will 



apply Criterion 2.22 to prove that it is contractible. Suppose we are given a (possi- 
bly empty) collection Uq", . . . , v'{' of 0-simplices in D{W, M),. As the dimension of 
M is at least 5, we may perturb the embedding y and obtain a map that is trans- 
verse to Vq',...,v'j" and to W (hence disjoint). By jHae61| and the assumption 
on the dimension of M, this map is homotopic to an embedding, which in turn is 
isotopic to y, giving a 0-simplex orthogonal to v'q , . . . , v'/' . D 

Recall that TEmb(I?+ x [i], M; g,(jjv) is the space of tuples {vq, . . . ,Vi), where 
Vj = {vj,Vj'), with v'J' a embedding of D+ into M, and v'j is a tubular neigh- 
bourhood of v'j as above, and such that the tubular neighbourhoods are pairwise 
disjoint. We denote by Di{AI{u);Y) C TEmb(Z?+ x [i],M;q,qN) the connected 
component of any tubular neighbourhood of the embedding y. 

There is a restriction map 

(5.3) Vg^b{Miu);6{u),Y), ^ A(Af(u);r) 

that sends a tuple {W, vq, . . . , vt) to the tuple (vq, . . . , Vi). 



Proposition 5.4. The map (5.3) is a locally trivial fibration, and its fibre over an 
i - simplex v — {vq, . . . ,Vi) is the space £\{M{'v);6{u)) whereM{v) := cl (Af (u)\v). 

Proof. Since the restriction map is Diff(Af (u); (5, y)-equivariant, and the space 



D^{M{u);Y) is Diff(A4"(u); (5,y)-locally retractile by Lemma [2T3| it follows from 
Lemma |2.8| that the map is a fibration. 
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The fibre is the space of oriented surfaces of genus g witli boundary condition 
5{u) in M{u) that do not intersect Wg, . . . , v[, and that space is 8\{M{-v)\ 5{u)). D 





(A) 



(B) 




(0) 



Figure 3. Figure 3a shows the tubular neighbourhood u' and, in 
light g rey, the boundary condition for the discs, that is, Y'^ and F^. 
Figure 3b corresponds to the condition that y" has to be homotopic 
to 77, which in the picture can be seen as the requirement that the 
dark circle has to be contractible in d^M{u). Figure 
typical O-simplex in I?i i(M(u); (5(u)), 



3c 



shows a 



5.2. Stabilisation maps between resolutions. In this section we will show how 
to extend the stabilisation maps of Section |3.3| to maps between the resolutions we 
have constructed. We will follow closely the methods of that section. As recalled 
in Section [5. 1[ to define the bottom map in the diagram 

4l?g+i,fc_i(Afi(72);^(u),F). 



Vg^b{M{u)-5{u),Y), 



£+{M(uy,5{u)) 



..i,(M(«):<5(«),5(u)) 



-^£t+,.,{M,{u)-5{u)) 
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we joined each surface with a cobordism P{u) in 9°Af (u) x /. We now impose, 
without loss of generahty, the following conditions: 

(i) P{u) n (y° X /) = and 
(h) F° == yo X {!}, F^ = ri U {dY^ X /). 

These assumptions make the extension of the stabilisation map canonical: Let us 
define Vj — d^Vj x /. Then, joining the discs in (vq, . . . , Wi) that live in Di{M{u); Y) 
to the products {vq, . . . ,Vi) that are subsets of 9°Af x /, we obtain new triples 
{vq, . . . ,Vi) that live in Di{Mi; (5), where Vj = v\J Vj. This rule defines the dashed 
maps Vag^biM {u); 6{u) ,S{u))i in the first diagram. 

These maps commute with the face maps and with the augmentation maps, so 
they define a map (the resolution ofag^b{M{u); 6{u), S{u))) of semi-simplicial spaces 

Vag,b{Miu);5{u),S{u)),: Vg^biM{u);S{u),Y), ^ Vg+i^bMM{u);^u),Y), 

that extends ag^b{M{u); 6{u), S{u)). Analogously, we may also define the resolution 
of pg,b{M{u);5{u),'5{u)) 

VPg^b(M{u)-5{u)~5(u)), : Vg^b{M(uy,5{u),Y), -^ Vg^b+i{M{u);6{u),Y),. 



Corollary 5.5 (To Proposition 5.3). The pair (Vag^biM{u);6{u),S{u)),) together 



with the natural augmentation map to the pair {ag,b{M{u);S{u),S{u))) is an oo- 
resolution. The pair (T>f3g^b{M{u);6{u),S{u)),) together with the natural augmen- 
tation map to the pair (f3gb{M{u);S{u),S{u))) is an oo -resolution. 

There is a commutative square. 



(5.4) 



Vg^biM{u);S{u),Y), 



D,{M{u);Y) 



^Vg+i^b-i{Mi{u);Siu),Y), 



->A(Afi(zZ);r), 



where the vertical maps are the fibrations of Proposition |5.4| and the lower map is 
a homotopy equivalence. Hence we obtain a map between the fibres over the points 



V and V of the fibrations of (5.4) 

£tb{M{^);6{u)) 



s: 



_^{Kh{w)-5{u)), 



which is obtained by gluing the cobordism P{u) C (9"M(v) x / to each surface. 
This is a map of type ag_f,(M(v); S{u), S{u)). 

Following the same procedure with the map T>f3gb{M{u); S(u), (S(u)),, we obtain 



a map on the fibres over the points v and v of the analogous to diagram (5.4) 



£+{M{^^):S{u)) 



s^b+iiMiinsm), 



which is of type /3g.fc(M(v); 5{u), S{u)). Since the inclusion 

A(M(u),r)^ A(Afi(u),y) 

is a homotopy equivalence, we may compose the right hand-side fibration in diagram 



(5.4) with the bottom map, obtaining a map of homotopy fibrations over the same 
base space. 
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Corollary 5.6 (To Proposition 5.4). There are homotopy fibre sequences of pairs 
ag,b(M(v);,5(u)) ^ Vag^b{Miu);6iu)), -^ DiMi{u);6(u)), 
/3g,b(M(v);,5(u)) —^ V/3g,biM{u);Siu)), -^ DiMi{u);S{u)),. 



Proof. As in Corollary |3.4[ the map between the base spaces is a weak equivalence, 
hence we obtain a fibrewise map of fibrations. D 

5.3. Homology of approximate augmentations of the thick disc resolution. 

Lemma 5.7. If Fg holds, then the approximate augmentations for V a g^b{M{u)), 
induce epimorphisms in homology up to degree ^ . 

If Gg holds, then the approximate augmentations for T> (3 gi,{M{u)), induce epi- 
morphisms in homology up to degree 3— . 

Proof. Consider the resolution T>ag_b{M{u);5{u))t of ag.b(Af(u);(5(w)) given by 
Corollary |5.5[ toget her with the fibrations of Corollary |5.6[ The Lemma follows 



from Criterion 



2.24 



taking k = [?^J + 1 and / = cx) 
- For all i > 1, [^J +l-i< ^ and for i = 0, ii q < [^J + 1 then 

q < ^, hence Hq{ag b(M(v); (5(m))) = for g < [^J +l-i except 

(g,*) = (L^J+l,0).' 
-^<oo. 

Consider the resolution T>f3g,i,{M{u);d{u)), of f3g,i,{M{u);6{u)) given by Corol- 
lary |5.5[ toget her with the fibrations of Corollary |5.6| The Lemma follows from 
Criterion 



2.24 



taking k — [^J + 1 and I ~ 00. 



For aU i > 1, [ 3 J + 1 



2g 
<7 < f , hence 7I,(/3g,b(M(v); ,5(u))) = ior q < [f J + 1 



i < -^ and for i 



(g,*) = (Lfj+l,0). 

2o+l ^ 

^ <oo. 



0, if g < [f J + 1 then 
i except 

D 



6. Trivial homology of approximated augmentations of the arc 

resolution 

6.1. The composition of the approximate augmentations. Suppose we have 
a resolution of a stabilisation map ag^b{M; 6,6), a 0-simplex u in O^ bi-^^' ^' ^)* ^^^ 



5.2 



a 0-simplex v in T>g^biM{u); 6{u),Y), as in Section 

Let us denote by bg^b-i{v) the composition of the approximate augmentation 
for the resolution C^j(M;(5, £), over u and the approximate augmentation for the 
resolution T)g^b-i{M{u)',6{u),Y)» over v, and by ag,b{v) the ana logu e composite 
when we start with ©^(M;^),. With the notation of Sections 
have the following commutative square. 



3.3 


and 


5.2 



we 



(6.1) 



£+b-AM{vy,6{u)) 

bg,b-l(f) 



/3<,,6__i(M(«);5(u)) 



-^£+,{Ahiv);6{u)) 



^9M 



b{M;S) 



b(«) 



-^S 



5+1,6- 



_,{Mi;6) 



The first result of this section will be the construction of a dotted map with cer- 
tain properties making both triangles commute up to homotopy. We will construct 
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it in Lemma |6.1[ All maps in the diagram are maps between spaces of surfaces of 
the two kind of maps constructed in Section |2.2[ 

P C d°M X / 



ag^b{M]5) = -UP, 



with 



(type /), 



with 


u" 


C 


u'\Jv' 


(type //), 


with 


u" 


C 


v'Uu' 


(type //). 



Pg,t-i{M{v);S{uj} = -UP(u"), with P{u) C d°M{v) x I (type/), 
bg.fc-i(f) = -Uu" 
ag^b{v) = -Uu" 

Let us denote by Mi — MU d^M x [0, i]. Wc first prolong the vertical maps in the 
diagram to obtain 



£^^,^AM{v);S{u)) 



(6.2) £UM;6) 

io(<5) -U5''x[0,2] 

S+{Mr,S + 2) — 



-UP(«") 



ag,b(Af;<5) 



-^£+iM,iv);S{u)) 



ag,6('j) 



-UP 



ag,b{M2) 



-^E 



5+1,6- 



_i(Mi;'5) 



•iw 



-Ui5 x[l,3] 



-U(P+2) 



-^K+i.b-iiMz;5 + 2), 



using the maps ij ((5) = - U ^'^ x [j, j + 2] , with (5" x [j, j + 2] C d^M x [j, j + 2] and 
the map ag,b(M2) = - U (F + 2), where F + 2 C 5°M x [2, 3] is the cobordism P 
translated 2 units. The boundary condition 5+2 is {5\5°)VJ{d5° x [0, 2])U(5° x {2}). 
In the diagram we have specified both the name of the map and the cobordism that 
defines the map (see Figures |4] and [5]) . 

The maps io(i5) and ii(^) are homotopy equivalences, and the bottom square 
commutes up to homotopy. The purpose of enlarging the diagram is to make room 
to define a map — U Q from the upper right corner to the lower left corner. 



In (6.2), we have that 

Mi{v) U (u U w U a"M X [1, 2]) = Ma, 
and we want to find a cobordism Q C A^ := u U iJ U S'^Af x [1,2] defining a map 

(6.3) - U Q : £l^{A-h{v)~5m > ^Ibi^h^S + 2). 

The boundary of N is divided in three parts: 

dN = dMi{v) U 95°Mix[l,2] U a°Af x {2} 

and the boundary condition which Q must satisfy is 

i = liu) U 9(5° X [1,2] U ^"x{2}. 

Lemma 6.1. // the dimension of AI is at least 6, then there is a disjoint union of 
strips and cylinders Y,' , a cobordism Q £ £{T.',N;^), and isotopies 

G 



Piu) U Q 

g u (p + 2) 



H 



i"U((5" X [0,2]) C u(JvUd°M x[0,2] 
i"U(5" X [1,3]) C uUwU9°Mx [1,3]. 



relative to the boundaries. If there is a simply connected open subset Y of d^M 
with P d Y X [0, 1], then the result holds also for manifolds of dimension 5. 
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Figure 4. The cobordisms in diagram 6.2 when S = (5". The grey 
colourings in the boundary show how these pieces of the bound- 
ary glue together. The cylinders attached to the other boundary 
components havenot been drawn. 



Proof. Firstly we show that £(S', N; ^) is non-empty. Recall that 9(5(u)" — d6'^{i 



by the assumption made in Section 3.3 (see also Section 2.4). From Construction 



5.1 we know that 6(ll) ~ ^^S{u). Moreover, S{u) = #„"'i5, and u'" is isotopic in 
N to r] relative to their boundaries, as both are contained in the interior of the 
thick disc with corners uUv, hence 5{u) = #^(5. In addition, all these isotopies are 
constant on dS{u)'^. Therefore we conclude that 



S{u) ~ #^S{u) ~ #^#^5 ~ S rel dS{uf, 
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Figure 5. The background manifolds in the diagram, in the case 
when d'^M is a disc. The upper picture should be interpreted as 
the complement of the coloured figure in the cylinder. 



where we have used the natural identification dM{u) = dMi{u) and dM = dMi. 
As the dimension of M is at least 5, this isotopy can be realized as a union of 
embedded strips Q C N whose boundary is ^ and a union of cylinders in the 
components of S that are disjoint from u'". This shows that there exists a Q C N 



giving a map (6.3) 



Now, for each triangle of (6.1), we will show how to choose a Q so that the 



triangle commutes up to homotopy (and these homotopies satisfy certain extra 
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properties. Note that all the cobordisms in diagram (6.2) contain some part of the 
product {S°r\{ioU£i)) X [0,3]: 

{S° n (4 U £i)) X [0, 1] C F(u), {S° n (4 U ^i)) x [O, 2] C u" U6" x [0, 2], 

((5" n do U ^1)) X [2, 3] c P + 2, ((5° n (4 U ^1)) X [1, 3] C u" US°x [1, 3]. 

Fix an interval ^o in S^{u)n£a and an interval h in 6^{u)n£i, and let Lq = IqX [0, 3] 
and Li — li X [0, 3], and write L for their union. The extra property we will ensure 
the homotopies we construct satisfy is that they are constant on L. 



The four cobordisms in diagram (6.2) are discs with corners or pairs of pants. 



Hence the complement of L in each of these cobordisms is a union of discs with 
corners, that we denote with a superscript L. 

Observe first that the inclusion N C u' U v' U d'^M x [0,2] is an isotopy equiva- 
lences, and second that the inclusion Q C P{u)^ U Q is surjective on components 
(see Figure ItI) . As each component is a disc (with corners) , we deduce that the 
isotopy type of the discs P{u)^ U Q is fully determined by the isotopy type of 
the discs Q. Let us choose a Qi G 8{Y/ ,N]^) for which P{u)'" U Qi is isotopic to 
m"U5° X [0, 2]. Similarly, the inclusion N C u'\Jv'VJd°M x [1, 3] is an isotopy equiv- 
alence and the inclusion Q C Q U (P + 2)^ is surjective on components, hence we 
may choose a (52 G £(S',iV;0 for which Q2U (P + 2)^ is isotopic to !Z"uJ° x [1,3]. 



c 



U 



j: 





Figure 6. From left to right, a picture of the cobordisms P{u), 
Q and (P -I- 2) when P is a pair of pants (this covers the case 
dM = d^M). The thick lines are the strips L, and the grey lines 
indicate how P{u) and Q glue together. 
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Figure 7. An abstract picture (that rounds some corners, for 
simplicity) of the cobordisms P{u)'" , Q and (P+2)^. The inclusion 
Q C P{u)^ U Q is a surjection on ttq, and when restricted to each 
component of Q, it is an isotopy equivalence onto the component 
it hits. The same holds for the inclusion Q C Q U (P + 2)^ 



Finally, we prove that Qi is in the same isotopy class as (52 j hence we may take 
Q = Qi, finishing the proof of the lemma. For that observe first that the composite 
cobordisms 

{u" U (5° X [0, 2])^ U (P + 2)^, P{u)^ U {u" ufx [1, 3])^, 



which are the complements of L of the two ways in diagram |6.2[ are isotopy equiv- 
alent. Therefore, by the choices made, 



Ri := P(m)^ U Qi U (P + 2)^, P2 := P(u)'^ U Q2 U (P + 2)' 



are isotopy equivalent and so are the complements Pi \ Qi and P2 \ Q2- Take now 
isotopy equivalent parametrizations /i, /2 : Si, 2 -^ d^M x [0, 3] of Pi and P2 with 
the same jet d near their boundaries and such that /]"^(Qi) = f2^{Q2) ='■ S. In 
addition fix an isotopy between them. The restriction of these parametrizations to 
S define a pair of points in 7ro(Fib/ \s(-P)) ^^ ^^^ restriction map 

p: 7roEmb(Si,2,9"Af X [0,3];d)^7roEmb(Ei.2\5,a°Af X [0,3];d|s,.,\s)- 



These points are mapped to the same point [/i] = [/2], and the next Lemma 6.2 
implies that they are in the same isotopy class, hence [fi\s\ — [/21s'], so [Qi] — [Q2], 
as we wanted. 

If there is a simply connected subset Y C 9°M x [0, 1] with P C F, we may 
perform the same proof replacing d'^M by Y . D 



Lemma 6.2. Let X he a manifold of dimension at least 6 or a simply connected 
manifold of dimension 5. Let S be an oriented surface, let S G T, be a disc and write 
S' := cl (E \ S*). Let f : "E ^ X be an embedding with jet d. Then, the inclusion of 
the fiber Fibj(p) of the locally trivial fibration p: Emb(E, X; d) — > Emb(E', X; d\-^,) 
over /ig/ is injective on ttq. 

Proof. Let r be a tubular neighbourhood of /(E'), and let d' be the jet of /|5 : S* — > 
X \t. Let q: map(S,X;d) — ^ map(E',X;d|s') be the restriction map, which is 
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also a locally trivial fibration. There is a commutative square 

7roFib/(p) > 7roEmb(E, X; d) 



(6.4) 



7roEmb(S',X\T;d') 

6 

7romap(S', X \t; d!) 



7roFib/((7) = 7romap(5, X; d') 



-> 7romap(S, X\ d). 



The map a is induced by a homotopy equivalence, and c is a bijection due to the high 
dimension of X and the fact that X \ r is homotopy equivalent to the complement 
in X of a union of submanifolds of dimension 1 (namely, the image of a 1-skeleton 
of S'). In addition, X\t remains simply connected if X is simply connected and 
of dimension 5, hence the map h is injective (and surjective) by Haefliger's theorem 
|Hae61| . 

Moreover, the lower map fits in the exact sequence of pointed sets 



(6.5) 



7rimap(I]', X)f > 7roFib/((7) > 7romap(S, X; d) , 



and we claim that the action of 7rimap(I]', X)^ on 7roFib^(g) is trivial: Given 
A e 7ro(Fib/,, (p)) and B e 'Ki{map{Y.' ,X), f\L), that is, a map A : D"^ ^ X 

from a disc (possibly with corners) I?^satisfying a boundary condition and a map 
B : [0, 1] X E' -)■ X whose restriction to {0, 1} x E' is {0, 1} x fy , the element y{B, A) 
is obtained by gluing the map B\ to A to get a new map from the disc. As 

B\ extends to B (by construction), both A and y{B, A) are cobordant, so the 

two (relative) cycles A and y{B, A) are homologous. But as X is simply connected, 
the (relative) Hurewicz map is a bijection, so A and y{B,A) are homotopic. 

As a consequence, the map j is injective, hence jcb is injective, and so is kia, 
and since a is a bijection, we deduce that i is injective. D 

Composing the map —UQ with an inverse of the homotopy equivalence io(^) we 
obtain a diagonal map for the square (6.1), and the isotopies found in Lemma 6.1 
yield the following 



Corollary 6.3 (To Lemma 6.1 1. In the square (6.1 ) the dashed diagonal map exists 
and both triangles commute up to homotopy. 

6.2. Zero in homology. During this section, if A —> X is a map, we will denote 
by {X, A) its mapping cone. We will use the letter E for "unreduced suspension" , 
and write CX = [0, 1] x X/{1} x X. 



Lemma 6.4. // 



A- 



^X 



->X' 
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is a map of pairs and there is a map t: X ^ A' making the bottom triangle com- 
mute up to a homotopy H : f c^i jt, then the induced map between mapping cones 

{f,g): {X,A) -^ {X',A') factors as {X,A) 4 CAUiCX A iX',A'), where p comes 
from the Puppe sequence. In addition, if there is also a homotopy G: g c^i ti, then 

the composite CA Ui CX -> (X', A') ^ CA! U^ CX' is nullhomotopic. 

Proof The map h: CA U, CX -^ CA' Uj X' is given by 

h{a,s) = {g{a),s)eCA' if {a,s)eCA 

h{b, s) = H{b, 2s) e X' if (6, s) e CX and < s < 1/2 

h{b,s) = (t(6),2s-l) eCA' if (6, s) e CX and 1/2 < s < 1, 

and it restricts to (/, g) in the mapping cone CA Ui X, hence hp — (/, g). 
For the second part, let CiY = {(y, s) € CY \ < s < 1/2}, notice that 



{CA U^ CX)/CiX = SA V SX, 



and consider the diagram 

CAUCA = SA 

~ IdUCi 

CAUiCX — 

collapse C 1 X 
2 

(CA Ui C'X)/Ci X ^ EA V EX - 



-^ CA' Uj X' - 



-^ CA' Uj CX' - 



collapse CX 



SgVSt 



V 

> EA' V EA' 



which is easily checked to commute. As ti is homotopic to g, the lower composition 
is homotopic to V o (Egr V Tig) o V, i.e. T,g — Tg, so is nullhomotopic, as required. D 

We now return to ( |6.1[ ), where we had chosen an arc uq — u £ C'^j,(M;5)o 
and a disc vq — v € 'Dg^i,{M{uo);S{uo))o- Suppose that we are given another arc 
ui G Og^b-i{M{vo);S{uo))o and another disc vi € 'Dg-iM{M{vo)iui),5{uo))o (We 
can also consider m to lie in Og^b{M;5)o and uq to he in Og^b-i{M{vi);S{ui))o)- 
The diagram belo w sh ows the various maps which can be constructed from these 
data using Lemma [6^ 



C6-l(*^(''0))- 

bg.t-lCfo) 

^u^^ — 



-^S+,(M(vo))- 



-^ l3g,b-l{M(vo)) ■ 



-^Ef+,_^(MK)) 



(1) 



-^£. 



9 + 1,6- 



a„.b(.^o) 



-i(Af)- 



-^"9,6{A/) 



(2) 



a„.b(-"l) 



C6-i(A^(^i))- 



-4£-+,(MK))- 



-^/39,6-i(A^K)) 



0,-1. 6(fo) 



(3) 



b„h~-i(^o) 




¥^e+^^(MM) 




^a„_i h(vQ,vi) 



£+_,,t(Mivo,vi)) >£+,_,(M{vo,vi)) >ag.iMM{vo,vi)) >!:£+_, ,{M(vo,vi)) 



In this diagram, the second line is the Puppe sequence for the map ag.h(Af ; S, d), and 
the first and third lines are the Puppe sequences for the approximate augmentations 
corresponding to the data {uq,Vq) and (ui,Wi) respectively. The fourth line is the 
Puppe sequence for the approximate augmentation obtained by using the data 
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{uq,vo) on the map /3g,b_i(M(wi)). Importantly, it may also be considered to be 
the Puppe sequence for the approximate augmentation obtained by using the data 
{ui,vi) on the map /3g,b„i(M(uo)). 

We use Corollary |6.3| in order to provide a diagonal map and isotopies in the 
square (3), which gives the map h" such that p' o h" is nuUhomotopic. We use the 
same diagonal map and isotopies in the square (1) to obtain the map h, because 
in square (1) the problem of finding such data is the same as in square (3), but 
without the requirement that the isotopies have to fix the cylinders ii'^. We choose 
any diagonal map and isotopies for the square (2), to obtain the map h' . After 
doing that, it follows from the definition of the map h that 

Lemma 6.5. The maps 

{ag^t{vi),bg.b-i{vi))oh" and hoY.ag_i^b{vo,Vi) 

from Sfjl-^ j,(Af (wq, Wi)) to ag^b{AI) are homotopic. 

Proof. The map Eag_i.b(fo, wi) is the suspension of the map that glues back the 
strip u'l corresponding to vi. The map (ag^(,(wi), hg^b-i{vi)) glues back the strips 
u'l and u'l- The homotopies in square (3) fix these strips by very definition, and 
we have chosen the homotopies in (1) to be the ones in square (3), so they fix the 
strips too. Therefore the manifolds in which the cobordisms that define h and the 
cobordisms that define Sag_i_b(i'o,z'i) live are disjoint. The maps h and h" are 
obtained by gluing to the spaces of manifolds the same cobordisms and performing 
the same isotopies on them. D 

Proposition 6.6. Let M he sim,ply connected and of dimension at least 5. // the 
dimension is 5, then we assume that all the stabilisation maps in what follows are 
induced by pairs of pants that are contractible in d^M x /. // Xg^i holds, then 
the map (/3g,6-i(M (wq))) — ^ (ag^biM)) induces the zero map in homology degrees 
* < g . IfYg^i holds, then the map (ag^f,_i(M(u, w))) -^ {Pg,b{M)) induces the 
zero map in homology degrees * < 3— • 

Proof. There are homotopies 

h o Y.ag-i,bivo,vi) ~ (Og,h(ui), bg^b-i{vi)) o h" ~h' op' oh" ~* 



by applying Lemmas 6.5 and 6.4 Since Xg^i holds, the map Y,ag-i_b{v(i,vi) in- 
duces an epimorphism in homology degrees * < „ h 1 (although the map 

ag-ifi{vQ,vi) is not a map of type agfi(M{vQ,vi), it is isotopic to such a map after 
rounding the corners of M), hence h must induce the zero homomorphism in those 
degrees, and so must hp. The second part is proven similarly, by rewriting all of 
this section in the analogous way. D 



The following finishes the proof of parts {v) and {vi) of Proposition 4.3 

Corollary 6.7. Let M be a simply connected manifold of dimension at least 5. // 
the dimension of M is 5 we assume in addition that the pairs of pants defining the 
stabilisation maps are contractible in &^M x [0,1]. If Xg^i and Gg hold, then the 
map 

{(ig,b^,{M{u^))) -^ {ag^b{M)) 

induces the zero homomorphism in homology degrees k < 3— • If Yg^i and i^g-i 
hold, then the map 

K_l,6+l(Af(M0))) -^ {Pg,b{M)) 
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induces the zero homomorphism in homology degrees k < ^ . 

Proof. In the first case, by the previous proposition we have seen that if Xg^i holds, 
then the composition 

iPg,b-i{M{v))) -^ iPg,b-iiMiuo))) — > K,,(M)) 



5.7 



we 



induces the zero homomorphism in degrees * < ^7' , while in Proposition 

have proven that if Gg holds, then the left arrow is an epimorphism in degrees 

* < ^9+'^ . Thus the composition is zero in the range of degrees claimed. 

The second case is completely analogous. D 

7. HOMOLOGICAL STABILITY FOR CLOSED SURFACES 

7.1. Resolutions. Consider the space £\{M] <5), and let i C 9°Af be a subset dif- 
feomorphic to a ball disjoint from 5. There is a semi-simplicial space Vg.b{M; 6,i), 
whose i-simplices are tuples {W,po, . . . ,Pi), where Pj — (jp'a,p'Lp'-') and 

(i) W&S+,{M-5), 
(ii) p'^' : ([0, 1], {1/2}) ^ (Af, W) is an embedding with p^"(0) € I and ^^"(l) e 

Af, 
(iii) (p'-,p") is a closed tubular neighbourhood of p"'([0, 1]) in the pair [M, W). 
(iv) the neighbourhoods pp, ■ ■ ■ ,p'i are disjoint. 
The jth face map forgets pj and there is an augmentation map to f j'^(Af ; 6) that 
forgets all the p,j. We topologise the space of i-simplices as a subset of £\{M] 5) x 
TEmb(/ X [i],Af;(7, (77v), where 

q{x) — qN{x) = ^ if X = 0, q{x) = qN{x) = Af if a; 7^ 0. 

Proposition 7.1. //Af is connected and of dimension at leasts, the semi-simplicial 
space Vgfi{M\5), is a resolution of £^i^{M;d). 



Proof. The space £~^j,(Af ; 5) is Diffg(Af )-locally retractile by Lemma 2.13 hence is 
also Diff(Af ; (5, ^)-locally retractile, and the augmentation map e^ is Uitt (Af ; 6, £)- 
equi variant for all i, therefore it is also a locally trivial fibration by Lemma |2.8| 
As a consequence, the semi-simplicial fiber Fibn/(e,) is homotopy equivalent to 



the homotopy fiber of |e, | by Criterion 2.21 The space of i-simplices of the semi 



simplicial fiber is TEmb((f x [i],{l/2} x [i]),{M,W);q,qN)- Let us define the 
semi-simplicial space P{W, Af ), whose space of z-simplices is 

Emb((f X W,{l/2}x[i]),(Af,M^);g), 

and the face maps are given by forgetting embeddings. Forgetting the tubular 
neighbourhoods gives a map 

r,:Fibwie,)^PiW,M), 

that is levelwise Diff (Af ; W, £) -equi variant onto the space P(W, Af ),, which is level- 



wise Diff (Af ; W, ^)-locally retractile by Corollary 2.18 hence this map is a levelwise 
fibration by lemma 2.8 The fiber over an i-simplex p = {pn' , ■ . ■ ,Pi') is the space 



2.4 



Tub(p"'(f ), (Af, W); qtv), which is contractible by Lemma 

The semi-simplicial space P{W, Af ), is a topological flag complex, and we will 
apply Criterion |2.22| to prove that it is contractible. As Af is connected, for each 
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tuple {W,Pq'), . . . ,{W,p'-Li) of 0-simplices over a surface W, there is another 0- 
simplex {W,p^') over W orthogonal to them all, by general position. Hence it is 
contractible by Criterion |2.22| D 

Let Bi{M;£) be the set of tuples {po, ■ ■ ■ ,Pi) with pj — {p'j , pj , p'^') where pj' is 
an embedding of an interval in M, p', is a tubular neighbourhood of p" in Mand p" 
is the restriction of p' to some vector subspace Lj C Nmp'/'(1/2) of dimension 2. 
Moreover, we require that p'- is disjoint from p^. This space is in canonical bijection 
with TEmb2 /i/2}x[i](-^ x [i\,M;q^qiq), and we use this bijection to topologize it. 

There is a map 

that sends a tuple {W,Pq^ . . . ,Pi) to the tuple (po, • ■ • ,Pi)- 



Proposition 7.2. For a point p e Bi{M]£), with the notation of Section 2.4: there 
is a homotopy fibre sequence 

^sV.+i(^^(P);'^(P)) —^ 'PgAMlS), — > B,{M;£) 

Proof The map is Diff (Af ; S, ^)-equivariant and the space Bi{M; t) is Diff(M; 6, (.)- 
locally retractile by Lemma |2.19[ hence this map is a locally trivial fibration by 
Lemma |2.8[ The fiber over a point p is the space of surfaces W in M that meet 
the tubular neighbourhoods p' in the image of p". This space is canonically home- 
omorphic to the space £^+^^.^^(M(p); 5(p)). □ 

7.2. Stabilisation maps betvifeen resolutions. In this section we will show how 
to extend the stabilisation map "fg^h{M; S) to a map between resolutions. 



c+znr r\ 7s,6(A'-fi;<5,<5) , / , , T^ 

^gM (^^' '5) > ^g,b- liMl.S) 

To define the maps 7g,(,(Af; (5, (5) : £gfj{M;S) — > £^^_-^^{Mi,S) we joined each surface 
with a cobordism P in d'^M x /. We will assume, without loss of generality, that 

(i) I = ex{i}, 

(ii) (£ X /) n P = 0. 
As in previous constructions, we define p' = 9'^p'- x / and p'- = p' Up'- and similarly 
p' and p' . There is a map jgi,{M: (5, S)i making the diagram commute, that sends 
a tuple {W, p) to the tuple (W U P, p). These maps commute with the face maps 
and with the augmentation maps, so they define a map of semi-simplicial spaces 
(the resolution of "fg^b{M;6,S)) 

lg,b{M-5~5),:Vg,b{M;5),^Vg,b-i{Mi~5), 

extending 7g.h(Af ; 5, 5). 



Corollary 7.3 (To Proposition 7.1). The pair {'jg^i,iM),,6,6) together with the 



natural augmentation to the pair jgi,{M;S,6) is a resolution. 
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7„ biM;5.5)i 



B, (M; £) ^-^ > B, (Ml , i) 

is an extension of the homotopy equivalence Bi{M; £) — )■ Bi{Mi;£), hence we obtain 
a well-defined map on the homotopy fibres over the points p and p of the fibrations 



of Proposition 7.2 



£^M+^+liM{p);S{p)) ^ f +,+,(M(p);5(p)) 
obtained by gluing the cobordism P to each surface. This is a map of type 

Jg,b+^+l{M{p)■,6ip),Sip)). 



Corollary 7.4 (To Proposition 7.2 1. There is a relative homotopy fibre sequence 



(7g,;,+.+i(M(p);<5(p),5(p))) — > (7g,,(M; <5, ,5),) -^ i?.(M;£). 

7.3. Homological stability. 

Remark 7.5. Consider a stabilisation map 7g_b(Af ; 6, 6), which is given by closing 
off one of the boundaries, b, of S (which must necessarily be nuUhomotopic in d^M). 
If 5 has another boundary component, 6', in the same component of d^M as 6, then 
there exists a stabilisation map /3gj,_i(M; Jq, <5) creating the boundaries b and 6'. 
In this case we may enlarge collars, and we have the composition 

g,Vi(^-^;'^o) " ^ ■°-'> g+,(Mi;J) ''■'' " S g+,,,(M,;J) 

which is homotopic to a stabilisation map which takes the union with a cylinder 
inside d^M x [0, 2]. This map may not be homotopic to the identity — the cylinder 
may be embedded in a non-trivial way — but it is a homotopy equivalence (as we may 
find a inverse cyhnder), so the map jg^b{Mi;d,5) is split surjective on homology. 
By the same argument, any map Pg^},{Mi] 5, 6) which creates a boundary which is 
nuUhomotopic in d^M is split injective on homology. 

The following proposition finishes the proof of Theorem |1.3[ 

Proposition 7.6. Let M be a simply connected manifold of dimension at least 5 
with non-empty boundary, and S be a boundary condition. Then for any boundary 
condition S, 

(i) for any map jg.b{M; 6, S) we have H^{jgii{M; S, 5)) = for all * < 3—, 
(ii) any map /3g^biM; d, 6) with one of the newly created components of S is 

contractible in d^M induces a monomorphism in all homology degrees, 
(iii) any map ^g,b{M; S, S) for which there is another component of 6 in the same 
component ofd'^M as the one one which is closed induces an epimorphism 
in all homology degrees. 

Proof. We have already shown the last two statements above. Regarding the first 
statement, first suppose that there is another component of i5 in the same component 
of d^M as the one one which is closed by 7g_h(M; S, 5), and choose a f3g^i,-i{M; Sq, 5) 



as in Remark 7.5 By Proposition 4.1 we know that /3g,b~i{M]6o,6) induces an 



epimorphism in homology degrees * < ^, and it also induces a monomorphism 
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in all degrees: thus it induces an isomorphism in degrees * < -3^- As 7g^b(A/; (5, (5) 
is a left inverse to it, this also induces an isomorphism in these degrees. Hence 
H^ijg^biMiSjS)) = for * < ^^^, as ^gM{M;S,S) induces an epimorphism in all 
degrees. 

Now suppose that there is not an additional component of 5 in the same compo- 
nent of 9°M as the one which is closed by ^g^b{M\ 6, S). We choose a ball £ C 9°M 



7.4 



and form the resolution of 7g_fc(M; 6, S) given by Corollary 7.3 Using Corollary 
to identify the space of i-simphces in this resolution, the pair {'jg^b+i+i{M{p); S{p)) 
is a map of type 7 for surfaces with (after rounding the corners of M) at least 
{i + 1) extra boundary components of i5(p) in the component of DM containing 
the boundary which is closed off, so the discussion above applies and shows that 
7f*(7g^(,+i+i(M(p); S{p)) = for * < ^^^- Applying the second result of Criterion 
|2.24| to this resolution gives the result. D 

8. Stable homology of the space of surfaces in a manifold with 

boundary 



In this section we prove Theorem |1.5| in the case where M has non-empty bound 
ary, apart from the proof of a proposition (Proposition 
next section. We will show how to deduce Theorem 



.9 



which we defer to the 
for manifolds without 
boundary in Section 10 During the rest of the paper we will only work with 



1.2 



manifolds and manifolds with boundary (but not general manifolds with corners). 

8.1. Spaces of manifolds and scanning maps. Let M be a smooth manifold 
of dimension d, possibly with boundary. Recall from [GRWlOl Definition 2.1] and 
[RWlli Section 3] that the set ^(M) of all smooth oriented 2-dimensional subman- 
ifolds of M which are closed as subsets of M can be endowed with a topology. 

More generally, for any real vector space V we can define the space '^{V) of 
smooth oriented 2-dimensional manifolds in V. If (— , — ) is an inner product on V, 
there is a space S{V) as in Definition IlTI and an inclusion 

(8.1) i:S{V) — >'^{V) 

given by sending a pair {L e GrJ(y), v e L^) to the oriented 2-manifold v + L C V, 
and sending the point at infinity to the empty manifold. 

Proposition 8.1 f [GRWIO] ). The inclusion i is a weak homotopy equivalence. 

Let g be a Riemannian metric on M, not necessarily complete. There is an 
associated partially defined exponential map exp: TM --^ M. The injectivity 
radius of g at p G M is the supremum of the real numbers r € (0, c») such that exp 
is defined on TpM on vectors of length < r, and exp is injective when restricted to 
the open ball of radius r in TpM. 

Let a: M — >■ (0, cx)) be a smooth map which at each point is strictly less than the 
injectivity radius of the metric g at that point: such functions exist by a partition 
of unity argument. If V is an inner product space, define an endomorphism h 
oi V hy V 1-^ (^ arctan ||z)||) v. Let exp^j: TM — )■ M be the composition of the 
endomorphism of TM given by u i-)- a{p)h{v) ii v £ TpM, and the exponential 
map. 

Let "^{TM) denote the space of pairs (p, W) with p e M and W G *(TpAf ), i.e. 
the space obtained by performing the construction \I/(— ) fibrewise to TM. There 
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is a map 

*(M) X M — > ^{TM), 
given by {W,p) i-^ ((exp^ \TpAi)^^iW) C TpM), whose adjoint 

Sa-. *(Af) — > T{^{TM) -^ M), 

a map to the space of sections of the bundle '^{TAI) — >■ M, is called non-affine 
scanning map. 

Proposition 8.2 ( |RWllj ). If M has no compact components, the non-affine scan- 
ning map Sa is a weak homotopy equivalence. 

On the other hand, let S{TM) denote the result of performing the construction 
S{—) fiberwise to the tangent bundle of M. Let '^'^{M) denote the space of pairs 
{W,t) of a submanifold W € '^{M) and a map t: W —i' (0, oo), such that the 
exponential map restricted to the subspace 

l,^{W) := {{w,v) e NW \ \\v\\ < t{w)} C NW 

is an embedding. There is a map 

■^{My X M — > S{TM) 



given by 
{W,t,p). 



oo if p ^ exp(i^t(T4^)) 

p(exp|T„M))(T„14^^«) cTpA'f ifp = exp(w;,w) for {w,v) G vt{W), 



where we consider the oriented 2-plane T^W and vector v as lying inside TylT^M) 
using the canonical isomorphism Ty{T^M) = T^M, and then apply the linear 
isomorphism D(exp \t^m) ■ Tv{TwM) — > TpAl. The adjoint to this map 

s: ^"{M) — > T{S{TM) -^ M) 

is called the scanning map. 

Because the inclusion \%.1\ is 0{n) equi variant, it follows that the inclusion 



i: T{S{TM) -^ M) — > T{^{TM) -^ M) 
is a weak homotopy equivalence. The projection tt: ^''(Af) — > ^(M) is also a weak 



homotopy equivalence, by Lemma 2.4 The following proposition shows that the 
scanning map is also a weak homotopy equivalence if M has no compact compo- 
nents. 

Proposition 8.3. The square 

T{S{TM) -^ M) > T{^{TM) -^ M) 



^"{M) > *(A/) 

commutes up to homotopy, so if M has no compact components then 

s: ^''{M) — > T{S{TM) -^ M) 
is a weak homotopy equivalence. 



{W)+t- 


{W - 


c{W)) 


iit< 


cx) and W is 


non-empty 




iw)W 




iff = 
if W^ 


oo and W is 
is empty. 


non-empty , 
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Proof. For (V, {^,~)) an inner product space, let us define an auxiliary subspace 
^(^) — {^ ^ *(^) I ^ is empty or has a unique closest point to the origin} 

of '^{V), which is again natural in (V, (—,—)). This subspace contains S{V), and 
we wish to show that the inclusion S{V) '-?> '^{V) is a homotopy equivalence. Let 
^(y)o be the subspace consisting of the non-empty manifolds: there is a continuous 
function 

c: $(y)o -^ V 

which picks out the unique closest point to the origin (this extends to a continuous 
function c"*" : "^(V) — ^ V^ by sending the empty manifold to the point at infinity). 
We define a homotopy Hy ■ [1, oo] x \E'(V) —>■ ^{V) by the rule 



it,W) 



which may be checked to be continuous in the topology of |GRW10[ Definition 2.1]. 
The above discussion is completely natural in the inner product space {V, (—,—)), 
so we may apply it fibrewise to any vector bundle with metric. In particular, the 
homotopies Ht m fit together to give a deformation retraction H of '^{TM) onto 
S{M). The map Sa ^ n lands in T{'^{TM) — > A/), and applying the deformation 
retraction H gives a homotopic map H{oo, — ) o s^ o tt, which by inspection is equal 
to the map s. D 

8.2. Scanning maps w^ith boundary conditions. We will also often need scan- 
ning maps when A/ has boundary, and surfaces are required to satisfy a boundary 
condition, as in Section [2]2j We formalise this as follows. 

Let M be a manifold with boundary, c: (—1,0] x dM — >■ M be a collar, and 
^ C dM be a compact oriented 1-manifold. Write M(oo) = M\Jqm ([0,oo) x dM) 
for the manifold obtained by attaching an infinite collar to M . We let 

*(M; ^) := {W e *(M(oo)) | W n ((-1, oo) x dM) = (-1, oo) x S}. 

Choosing a Riemannian metric g on M(oo) (which is a product on (— l,oo) x dM) 
and a function a as above, we obtain a scanning map Sa for Af (oo). If the function 
a is chosen so that 

expjrAf(oo)|[o,oo)xaM) C (-l,oo) x dM, 

then for W G ^(Af;^) the section Sa{W) is a product when restricted to [0,oo) x 
dM, and is independent of W . By slight abuse of notation we call this product 
section Sa([0,oo) x ^), and write r(^(TAf) — >• M;Sa{C}) fo^ ^^^ space of sections 
of '^{TM) — > M which agree with Sa([0,oo) x £)\dM over dM. In this case there is 
a scanning map 

Sa:*(M;e)^r(*(rAf)^Af;Sa(C)), 



by construction. As in Proposition |8.2[ if M has no compact components then this 
scanning map is a weak homotopy equivalence. 
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8.3. Adding tails to M. Suppose that M is a compact manifold witli collared 
boundary, and let N,L C dM be open codimension submanifolds, with L diffeo- 
morphic to a ball. 

Definition 8.4. We define the following subspaces of dM x [0, oo): 

N[a,b] --^ N X [a,b], L[a^b] := i x [a,b], 

and we also write -/V[o,oo) ^ N x [0, oo) and Na — N^a.a] i ^-nd similarly for L. 
We then write 

M,^fc:=AfU7V[o,a]Ui[o,b], 
and let Ma.oo, -^00,6 or Moo, 00 have their obvious meaning. 

Note that the boundary component Na C M^ ;, has a canonical collar, inside 
((—1, 0] X dM) UgM {N X [0, 00)); similarly for the boundary component Li, C Ma^b- 
For 6 G N and £, CI L compact oriented 1-manifolds, we define 

4'(Ma,6;(5,C) := ^iMa,b;6uO C *(Afoo,co), 



as in Section 8.2 A careful examination of the topology of ^(Afoo.oo) shows that 
"^{Ma^b] S, S.) is homeomorphic to the disjoint union JJrj., f (S, May, SU^) where [£] 
runs along a set of compact oriented surfaces with boundary diffeomorphic to ^U^, 
one in each diffeomorphism class. 
Restricting the scanning map 

Sa-. ^{May,d,0 -^ r,{S{TMa,b) ^ MaX, SaiS) , Sa{0) 

to the subspace of connected genus g surfaces gives a map 

(8.2) ygAS,0- £gAMa,b;S,0 ^^ r,{SiTMa,b) "> Ma,b; Sa(<5), Sa (0) ■ 



8.4. Semi-simplicial models. In order to show that the map (8.2 ) induces an iso- 
morphism on homology in a range of degrees, we will pass through certain auxiliary 
semi-simplicial spaces. 

Definition 8.5. For £, C Lb a. boundary condition, let D{Moo,b\Op be the set of 
tuples (ao, ai, . . . , ftp, W) where 

(i) < ao < ai < • • • < Op are real numbers, 

(ii) W G ^(Moo.h; is a surface satisfying the boundary condition ^, and the 
tti are regular values for the projection pw ■ W n iV[o,oo) — ^ [0, oo). 

We give it the subspace topology from (K'^)p+^ x ^(Moo,f,;C)- The collection of all 
the spaces D{Moo,b',£,)p for p > forms a semi-simplicial space, where the jth face 
map is given by forgetting Oj, and it is augmented over '^{Moo,b'-,£,)- 

Definition 8.6. Let -D(-/V(o,oo))p be the set of tuples (ao, ai, . . . , ap, W) where 
(i) < ao < ai < • • • < flp are real numbers, 

(ii) W £ ^(-^^(o,oo))> and the a^ are regular values for the projection p^r : W — >■ 
[0,oo). 
We topologise this as a subspace of (M'')^+^ x "^{Nj^qoo))- The collection of all these 
spaces forms a semi-simplicial space, where the jth face map forgets Uj. It is not 
augmented. 

Let -0(7^(0,00) )p be the quotient space of £'(A''(o,oo))j9 by the relation 

(ao,ai,...,ap,VK) -- (aj,, a'^, . . . ,0^, W^') 
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if aj — a'j for all j and p^ ([ao,oo)) ~ p^,{[ao,ooj). These again form a semi- 
simplicial space by forgetting the Oj . 

There is a semi-simplicial map 

t:: D{Mooy,0' "^ D{N^o,oo)). 

given by sending a tuple (ao, ai, . . . , Op, W) to [ao,ai, . . . ,ap,W H -/V(o.oo)]j which 

factors through the quotient map r: i?(-/V(o,oo))» ~^ ^(-^(o.oo))*- Iii addition to 
these semi-simplicial spaces, we require another pair with stricter requirements. 

Definition 8.7. Let Dg{Maoy, ■f), C D{Mao,b] £,)» be the sub-semi-simphcial space 
where in addition 

(i) W n Maa,b is connected, 

(ii) each pair (p^ [ai,ai+i],p^ i'^i)) is connected. 
Similarly, let Dg{Ni^ooo))» C -D(-/V(o.oo))» be the sub-semi-simplicial space where 
in addition each pair (p^ [a^, ai_|_i],p^ (oi)) is connected. As before, there is a 
semi-simplicial map ng: Dg{Moo,b',0» ~^ £'a(7V(o,oo))» given by restriction. 

If E C 2^[b.c] is a surface satisfying the boundary condition ^ C Lb and the 
boundary condition ^' d L^, we obtain a semi-simplicial map 

- U E : I?(Mo,,b; 0. ^ ^(^oo,c; C). 
over TT, and if (S, S n L^) is connected then we also obtain a semi-simplicial map 

-US: D9{Moo,b; 0. -^ Da{M^,c; £.')' 
over TTg. 



8.5. Proof of Theorem 1.5 (when dM ^ 0). Let us choose once and for all a 
surface S C L x [0, 3] which satisfies the boundary condition ^ C i at both ends 
(with respect to the obvious collars), is connected, and has positive genus. We 
define 

£'(Moo,oo;0» := colimi:)(Afoo.6;0»> 

where the colimit is formed using the maps —US: D{Moo,b\ £,)• ~^ D{Moo,b+3', C)»- 
We define Dd{Moo,oo',0» ^^ the same way. Similarly, we define 

*(Moo,oo;0 := colim*(Moo,6;e) 

b—^OQ 

where the maps in the colimit are again given by union with S. 
There is a commutative diagram 

(8.3) 

^a(Moo,oo;0. ^-D(Mo,,oo;e). ^=-D(Moo.oo;0. ^^^*(^oo,oo;e) 



Dd{N(0^oo)). > ^(^(0,00)). < ^(A^(0,oo)). '-^ *(^(0,oo)) 

which we will use to compare the leftmost and rightmost vertical maps after geo- 
metric realisation. The first step in doing so is the following. 

Lemma 8.8. The map r, is a levelwise weak homotopy equivalence, and the two 
augmentation maps labelled e, are weak homotopy equivalences after geometric re- 
alisation. 
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Proof. The map r, can be treated with the techniques of jGRW10[ Theorem 3.9], 
and the two augmentation maps can be treated with the techniques of |GRW10[ 
Theorem 3.101. D 



The second step in comparing the leftmost and rightmost vertical maps of ( |8.3[ ) is 
to show that the unlabelled horizontal maps are weak homotopy equivalences after 
geometric realisation. This is much more complicated, and is deferred to Section |9) 
but we state the result here. 

Proposition 8.9. The maps 

|^a(Moo,oo;O.I^I^(A^oo,oo;O.I (^rid |5a(iV(o,oo)).| ^ |5(^(o,oo)).| 

are weak homotopy equivalences. 

Before moving on to the proof of this proposition, let us show how we will 
apply it. We choose a Riemannian metric q on Afoo.oo, an oq G (0,oo), and a 
function a: Moo,oo — > (0, c») bounded above by the injectivity radius, and so that 
exp(j(TAfoo.oo|7Vr„ ,„)) C iV(o^oo)- The non-affine scanning map gives the following 
commutative diagram 

*(A^oo,fc; -^^ r(*(rAfoo.6) ^ M^y, SaiO) 

(8.4) 



where both the vertical maps are given by restriction. By Proposition 8.2 the two 
non-affine scanning maps are weak homotopy equivalences. (For the lower one, we 
must use that the restriction map 

p: r(*(T7V(o,oo)) ^ iV(o,oo)) -^ r(*(T7V[,„,„,)) ^ N[a„oo)) 
is an equivalence, and that if we choose a different function a' bounded above by 
the injectivity radius of qIn^o <») ' ^^^^ the functions Sa and p o Sa' are homotopic.) 
Finally, as iVrao^oo) ^^ Moo,b is a cofibration, the rightmost vertical map is a 
fibration, so its homotopy fibre over a section / is equivalent to 

The following lets us understand the homotopy fibre of |7ra|. 

Proposition 8.10. If x = {ao,W) G £'9(^(0, oo))o then the fibre o/|7ra| over x is 

F{ao,W) :=colim TT fg.c(A4o,b;Pw ("o),0 
\a>o 

where the colimit is formed by — UT,, and c denotes the number of components of 
Pw i'^o) U £,. Furthermore, the map \ttq\ is a homology fibration. 

Proof. Identifying the fibre is elementary. To show that |7ra| is a homology fibration 
we wish to apply j MS76[ Proposition 4]. To do this, we observe that {TTd)p is a 
fibration, and that its fibre over [oq, ai, . . . , Op, W] is F(aQ, W). Thus face maps di 
for i > induce homeomorphisms on fibres, but the face map do induces the map 

colim ]\£g,c{Mao,b;p^{aQ),^) — ^ colim ]\ £g^c'{Ma^,b;p^{ai),C) 

\5>0 / \9>0 
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on fibres, given by union with the cobordisin p^ {[ao,ai]). As this cobordisin is 
connected relative to p^ (ao)i union with it may be expressed as a composition of 
maps of type a, /3 and 7, so by Theorem |1.3| the induced map on homology is an 
isomorphism. D 



In all, taking geometric realisation and the colimit of diagrams ( |8.3[ ) and (8.4) 
over stabilisation of the top row by — U S, we obtain a diagram where all horizontal 
maps are homotopy equivalences. A choice of point {ao,W) S £'(7V(o,oo))o such 
that p^^(ao) = gives a compatible collection of basepoints in all the spaces on 
the bottom row, and we obtain a zig-zag of weak homotopy equivalences between 
the homotopy fibre of all the vertical maps, taken at this compatible collection of 
basepoints. In particular, we obtain a zig-zag of homology equivalences between 
the actual fibres of of |7ra| and IIoo, 

(8.5) colimm£-g,,(M,„,fc;0,e) 



6—^00 

g>0 



and 



(8.6) colim (r(*(TM,„,fc) ^ Ma,y, Sa{$), s,(0)) ■ 

Lemma 8.11. The stabilisation maps between the spaces of sections 

r(*(TM,,,b) ^ Ma,,b; Sam, Sa(0) 

are homotopy equivalences. 

Proof. The stabilisation map is given by union with the section 

sa(s) e r,(*(r(i x [o, i])) ^ i x [o, i]; sa(0, ^aiO) =■■ X 

obtained by scanning the surface E. The space AT is a homotopy associative H- 
space, by concatenating intervals and reparametrising. As L was chosen to be 
diffeomorphic to M''"^, we may choose such a difFeomorphism; this identifies X 
with 

map,(K'^-i X [0,l],^{R'');sa{O,Sa{O)-^sM)i^''-'^{R'')) 
as an iJ-space: in particular 7Tq{X) is a group. Thus there is a section / such that 
So(S) • / is homotopic to the constant section Sa{^) x [0, 1], but then union with 
the section / gives a homotopy inverse to the stabilisation map. D 

Corollary 8.12. There is a bijection 

7ro(r(*(TA4„,b) -> Ma,.b;sam,sa{0)) = Z X H2{M-'L). 



Proof. The set of path components of (|8.5|) is Z x H2{M;Z), by Lemma 4.4 . D 



In Section [l0.1| we will give a concrete description of this bijection. Combining 



the homology equivalence between (8.51 and (8.6), Lemma 8.11 and Theorem 1.3 
we see that the scanning map 

£gAMao.b;9,0 ^ r(^(rA4„,b) ^ M,„,fc;s„(0),s,(O) 

is a homology isomorphism in degrees * < "^^ . (We have used the fact that L 
is contractible, so when we write S C L x [0, 3] as the composition of a and (3 
maps, the j3 maps are always g luing on a pair of pants with nuUhomotopic outgoing 
boundary, so Theorem 1.3 (ii) gives stability range * < -^^ for gluing (3 maps.) 
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Extending surfaces and sections cylindrically from M to Mag^b gives a commu- 
tative square 



-^T{^{TM)~^M;Sa{0) 



£9AM;0 



where the vertical maps are clearly homotopy equivalences; this proves the first part 
of Theorem 1.5 The second part of Theorem |1.5[ in the case where the manifold 
M has non- empty boundary, follows from the commutative square 



£g,i(M;0 ^r(*(rM) ^ M;s,(0) 



7s. 1 



£g{Ah) > r(*(TAfi) ^ Mi; s, 

where ^ C dM is a single nuUhomotopic circle, 7g_i is the map that glues on a 
collar [0, 1] X dM containing a disc, and the right-hand map is given by union with 
the section obtained by scanning the disc. The right-hand map is an equivalence 



by an argument analogous to that of Lemma 8.11 and t he le ft-hand map is an 
isomorphism in homology in degrees * < -^ by Theorem 1.3 This finishes the 
proof of Theorem |1.5| in the case where the manifold M has non-empty boundary. 
In Section [TO] we will show how to deduce Theorem 11.51 in the case where M has 
empty boundary. 

9. Surgery 



In this section we prove Proposition 8.9 following the methods in |GMTW09] 
and |GRW12) . There is an improvement in the way we deal with the complex of 
surgery data in the sense that the maps used are always simplicial (cf. |GRW121 
Section 6]). We will prove in detail that the map 



(9.1) 



\Da{M^,oo;0'\ 



|^(Mco,oo;e).| 



is a weak homotopy equivalence, then briefly explain the changes in the argument 
to show that 

(9.2) |5a(iV(o,oo)).| -^ |5(^(o,oo)).| 

is a weak homotopy equivalence. We first introduce two more auxiliary semi- 
simplicial spaces. 

Definition 9.1. We define a semi-simplicial space Dg{M^y,^), whose i-simplices 
are the tuples (W, oq, . . . , a^) such that 

(i) < ao < ai < • • • < ai e E. 
(ii) We^{M^,b;0- 

(ui) Each aj is either a regular value of pw '■ W D iV[o,oo) — >■ [0, oo), or p^{aj) 
contains only Morse critical points of index at least 1. We denote 5j = 

(iv) For each j, the map Tro{6j) -^ 7ro(M^ n N^a-.a +i)) induced by the inclusion 

is a surjection. 
(v) W n{MU A''[o,ao) U i[o,(,]) is path connected. 
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Similarly, we define D\Mao,b',0* to have i-simplices those tuples {W,ao, . . . ,ai) 
which satisfy just the first three conditions above. In both cases, the simplices are 
topologised as a subspace of (]R'')*+-'^ x ^(Moo,6;C)j and the face maps are given by 
forgetting the aj . 

Lemma 9.2. The inclusions 

\Da{MooM;0,\~^\DliMoo,b;0.\ and \D{M^y,^).\ ^ \D\M^y,^).\ 

are weak homotopy equivalances 

Proof. The argument is the same in both cases; to be specific we treat the first. 
Let JT,^, be the bi-semi-simplicial space whose (z, j)-simplices consist of the tuples 
(VF, oq, . . . , tti, bo, ... , bj) such that {W, oq, . . . , Oi) is an i-simplex in Dg{Moo,by 0» 
and {W, oo, . . . , a^, b^, . . . , bj) is an {i + j + l)-simplex in DQ{Moo,b'i £,)*■ 

The (p, •)-face map forgets the value Op and the (•, q)-ia,ce map forgets the value 
bq. It has an augmentation e__, to Dg{Mooy,C), given by forgetting all the values 
ao, . . . , flj, and an augmentation e,__ to Dg(Moo,b', 0» given by forgetting all the 
values &o , . . . , 6i . The triangle 





\DgiM^y,0'\ > \DliM^y,0. 



commutes up to homotopy, by construction. 

The augmentation maps have local sections. We try to define a section of 
Ei,- : >Ji,o -^ DgiMoo.b] 0* through the point {W, oq, . . . , a^, 60) on the open neigh- 
bourhood U of {W, ao, . . . ,ai) consisting of those W such that ao, . . . , a^ are still 
regular values and 60 contains only Morse critical points of index at least 1, by 
the formula {W ,ao, . . . ,ai) 1-^ {W ,ao, . . . ,ai,bo). To see that this defines a 
section, we must check that p^,{[aj,aj+i)) and p^,{[ai,bo)) all satisfy the con- 
nectivity requirement (iv). The first case is immediate: as the aj remain reg- 
ular values, p^,{[aj,aj+i)) = ^^^([0^,0^+1)) and W n {M U %,ao) U L[o,b]) = 

PF'n(MUiV[o ao)Ui[o,6])- In the second case p^^, ([a^, 60)) differs from p^^([ai, 60)) 
by adding 1- or 2-handles, but this does not change the connectivity property with 
respect to the lower boundary. We show that the augmentation map e_ j has local 
sections in a similar (but easier) way. 

The fiber F, of e, _ over (W, ao, . . . , ai) has p-simplices those tuples of real num- 
bers {bo, . . . ,bp) such that (W, ao, . . . ,ai,bo, . . . , bp) is a simplex of Dg{Mooy, ^)m, 
i.e. p^ (bj) contains only Morse critical points of index at least 1, and p^ ([ai, 60)) 
and each p^i[bj, 6j+i)) are connected relative to its lower boundary. These condi- 
tions only involve pairs of &j's, so this is a topological flag complex (whose topology 
is discrete) . Given a finite collection bi, . . . ,b„ of elements of Fo , we may choose a 
ai < c < imii{bj) such that [ai, c] consists of regular values oi pw- Then c is also in 



Fo, and {c,bj) e Fi for each bj. It follows from Criterion 2.22 (and Remark 2.23) 
that |e,__| is a weak homotopy equivalence. 

The fiber F^ of e__, over {W, bo, . . . ,bj) has p-simplices those tuples of real num- 
bers (ag, . . . , flp) which are regular values oipw, such that {W, ao, . . . ,ap,bo, . . . ,bj) 
is a simplex of £'g(Moo^b;^),, which is again seen to be a topological flag complex 
(whose topology is discrete). For a finite collection ai, . . . , a„ of elements of F^, 
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choose a niax(aj) < c < 60 such that [c, bo) consists of regular values oi pw- Then c 
is also in Fq, and we claim that each (qj, c) is a 1-siniplex of F^, i.e. that p^ {[dj, c)) 
is path-connected relative to p^ (ij)- To see this, first note that p^ ([0^,60)) is 
path connected relative to p^ (uj) by assumption, so there is a path from any 
point oip^{[aj,c)) to p^{aj) inside oi p^ {[aj , bo)) , but as [c, bo) consists of regu- 
lar values p^{[c, bo)) is a cylinder, so this path may be homotoped into p^{[aj,c)) 



relative to its ends. It follows from Criterion 2.22 that |e_.,| is a weak homotopy 



equivalence. D 

9.1. Local surgery move. Let w = (W, uq, . . . , at) be a simplex in _D^(Moo,b; 0»- 
First we will construct a path from this i-simplex to a i-simplex w' = {W , ao, . . . , Oj) 
in D?j(Moo,&;0»- III particular, this will prove that the inclusion Dg{AIao,b',£,)* ~^ 
D'^{Mao,b',0* is levelwise 0-connected. In the last section we will use this path to 
show that it is in fact a homotopy equivalence after geometric realisation. 

Let R{'w) — {Wi, . . . , Wk} be the set of connected components of W^ n Mag.b, 
and let Wq be the connected component that contains ^. Define 

i-l 

PaAW) - {^ e 7To{Pw>:b)) I « ^ Pw(uj)}, P{w) = (J Pa„a. + , W- 

A;=0 

Observe that w is in Dq{M;S,), if and only if R{w) U P{w) — 0. We define the 
following subsets of W": 

T' = ({0} X [-3, 3]) U ((0, 5] X {0}) c M^ C M^ 
T^{{x, y, z) e M3 I ^^j.,^ (^^ y^ ^^^ ^ ^^ 1^1 < 3^ y < 5} 

and let xi, X2 : T — > M be the first and second coordinate functions. 

Definition 9.3. Let {W, oq, . . . , ai) be an i-simplex in D^{M] ^),. A local surgery 
datum for w is a pair Q = (A, e) where A is a set, and e : A x T — >■ Moo.b is a closed 
embedding whose restriction e|{;^}xT we denote by e\ such that: 

(i) e-i(M/nAf„^,fc)=Ax(Tna;^i({-3,3})), 

(ii) (IdA X x^){e-\W n iV[„,,oo))) C A X (4, 5). 

(iii) for each A e A, ex{x2^{-'i)) C Wq n Maa,b, 

(iv) for each to e P{w) U R{w), there is a A e A such that e\{x2^ {?>)) C a;, 

(v) Imix^b e\{x, y,z) = 00 for all A e A and all (y, z) such that \f]p^^z^ < 1, 

(vi) for each A G A and for each j = 0, . . . ,i there is an e > such that for all 
a£ (flj -e,aj+e), either a;2e;^^(7VaJ G (-2,-1) or xie]^'^{Na^) G (2,3). 

Proposition 9.4. A local surgery datum Q for an i-simplex w of D^{M;S^), de- 
termines a path ^Q{t) that starts at w and ends in an i-simplex of Dg{Mao.b',0»- 

Proof. Consider the l-parameter family of diffeomorphisms of 

Y^TU{{x,y,z)eW'\x<5,\\{y,z)\\<l} 
given by 

ht{x,y,z)^l (y,^ + (a^-3)te'"iHi(L)ii^),z) if ||(y,z)||<l,x<3 
I {x,y,z) otherwise. 

The properties of this family which we will use, and which we leave to the reader 
to verify, are the following: 
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(i) ho is the identity, 

(ii) if x e (4,5) and ||(y,2;)|| < l/\/2, then xih^^{x,y,z) G (3,4), 

(iii) ht is the identity on T n x^^([— oo, 3)), 

(iv) ht extends to M.^ with the identity outside T. 

The family ht induces a l-parameter famihy of maps 

Ht: *(T) — > *(r) 

given by sending a submanifold W to ht{W) T. From the first property of ht it 
follows that Hq is the identity. In Figures [8b] a nd [8c| we give a picture of the action 
of Ht in the dark disc at the bottom of Figure [8a] 

Consider now the path 77 in \['(T) given in Figure lo] that starts with the surface 
X2 ({—3,3}), which is the disjoint union of two open balls in T. It pushes both 
balls to infinity, joins the balls there and then pulls them backwards. In Figure |9a[ 
a picture at time is given. The three vertical circles represent the balls x^^{2), 
Xi^{3) and Xi^{4) and the horizontal circle represents the ball a;^^(— 1). The planes 



in the figure will be given an interpretation later. In Figures [9b[ [9c[ and 9d the ball 



is pushed to infinity, and in Figures 9e and Bn the surface returns in the shape 



of a (non-compact) pair of pants. The main properties of this movement are the 
following: 

(i) rK0)-X2-i({-3,3}), 
(ii) all the values in (1,2) are regular values or Morse critical values of index 

2 for the restriction of X2 to 77 (i), 
(iii) all the values in (2, 3) are regular values for the restriction of xi to ri{t) or 
Morse critical values of Morse index 1 or 2 (the former possibility happens 
only in the step from [9e] to |9^ , 
(iv) ij{t)nx^\{A,5)) C {{x,y,z) eT \\\{y,z)\\ <1/V2,y e {A,5)}, 
(v) in the surface r]{l), the circles Xj ^({—3, 3})nT]{l) are in the same connected 
component. 

Now, let V £ ^(T) be the union of the balls Vq — x^^({— 3, 3}) and some surface 
Vi(l{{x,y,z) eT\x€ (4, 5)}. We define a path 4>v-- I -^ *(T) as 

6 m = /^2*(^) if te [0,1/2] 

^""^^ |iJi(Fi)Ur?(2t-l) if te [1/2,1]. 



Property (iii) of ht assures that both paths glue well: HiiV) = HiiVi) U Vo = 



Hi{Vi) U rj{Q). Property (ii) for ht and property (iv) for rj assure that the union 
^i(Vi) U 'q{2t — 1) is a union of disjoint surfaces, hence a surface. Hence the path 
is well-defined. We will use the following properties of this path: 



(i) 0y(O) = y by Property (i) of /if, 



(ii) 0y(l) n X2 ^({—3, 3}) is connected, by property (v) of rj. 

If we are given a set Va of surfaces Vx C ^({A} x T) indexed by A, we denote 
by 0y^ (t) the result of performing (/)y^ {t) in each X x T. 

Now, let Q be a surgery datum for w, and let us define a path $q in D^ {Mao.b'i 0* 
starting at w = {W, ag, . . . , ai) as $Q(t) = (WQ(i),ao, . . . , Oi), where 

Wgit) n e = e0e-i(iv)(i), Wgit) \e = W\e. 

There are five things to check for each A G A in order to verify that this path 
is well-defined. First, that e^^(W^) is the union of Vg and some surface Vi as 
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(ii) of the surgery data, hence 



Tollows from property (i) of 



V- Third, 



above is granted by conditions (i) and 
weU-defined. Second, that *&q(0) = u 
that the union of the two pieces of WQ{t) is indeed a surface is guaranteed by 
Property (iv) of ht . Fourth: as described, the embedding ex does not induce a map 
{A} X ^(T) — >• ^(Afoo.fc)- Condition I (v) I of the surgery data and properties (iii) and 

*(T) -^ *(Moo,6) with (^.-i,„,^ is 



of ht grant that the precomposition / 



*(Moo,6) with 0^-i(^y) 

continuous. In other words, they grant that the surface WQ{t) C M^o^ is closed in 
M{(X)) and that W H Ma^b is compact. Fifth, that (ag, . ■ . , a^) are regular values or 

of 



(iii) 



(vi) 



Morse critical points of index 1 or 2 is a consequence of properties |(ii)| and 
the path 77, together with the following consequence of conditions |(v)| and 
the surgery data: 

(i) If X2e^^(aj) e (-2, -1), then p^ 11)^0,3) ~ ^2^i^j) ^^^ some bj e (1, 2) 



of 



(ii) lixie^^iuj) G (2,3), then ^^^^(^^(0^) = x^^{bj) for some bj G (2,3) 
(iii) ^Pwe\{x, y, z) >Oiiy £ {~2,~1) 
(i'^) ^Pwe\{x,y,z) <0 ii X £ (2,3). 



Finally, from conditions (ii) and (iii) in the definition of surgery datum and 



property (ii) of 4>v, it follows that P{^q{1)) U R{^q{1)) is the empty set, hence 

<^Q{l)£m{Moo,b;0- □ 




Figure 8. The effect of the family Ht in the surgery movement 
on discs in Xj;^((2,3)), x^^{{3,A)) and x];\{4:,5)) 
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Figure 9. The path 77 in the surgery moveraent. The shadowed 



surface at the top of (9a) is7(i), starting with 7(0) = x^^({— 3,3}). 
The dotted planes are e~ ^ {Na ) , and are still planes because of con- 
dition (vi) of the local surgery data. The circles drawn correspond 
to points in x]~^(2),x^^(3),x^"^(4) and a;^"^(— 2). 



Remark 9.5. This move is a simplified version of the one used in |GMTW09] . 
Sadly, that move needs to push parts of the surface to both +cx) and —00, while 
here we are only allowed to push things to +00. 
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9.2. Global surgery move. Wc will now construct a bi-scmi-simplicial space H,,, 
augmented over D''(Moo,6; C)» which, over each simplex of D\Moo.b', £,)»j consists of 
certain tuples of local surgery data. This will allow us to compare it to I?g(-Moo.b; C)» 
by "doing surgery" in an appropriate way. 

Definition 9.6. Let H,^, be the bisemi-simplicial space whose space of {i,j)- 
simplices is the space of tuples {w,Qq, . . . ,Qj,so, . . . ,Sj) where 

(i) w is an i-simplex in D''(Moo,b;^)», 
(ii) each Qq is a local surgery datum for w, 
(iii) the embeddings in Qq, ... ,Qj are pairwise disjoint, 
(iv) (so,...,s,)e[0,ip+i. 
The (p, •)th face map forgets the regular value ap £ w and the (•, <z)th face map is 



d,,q{w,Qo,...,Qi,so,. 



($c 



,Q 



9' ■ 



'il "^0 5 • ■ • 5 "^q; • ■ • ; -^i J ■ 



There is an augmentation map e,_, to D\Moo.b',£,)» given by performing the 
surgery Qq on w up to time Sq for all q and forgetting all the surgery data. Let "Hi , 
be the bisemi-simplicial subspace of those simplices such that sq = . . . ^ Sj ^ 1. 

the restriction e^ , of e,^, to this subspace gives an 



9.4 



Note that by Proposition 

augmentation onto -Dg(A/oo,6;C)» ^-nd the following diagram commutes: 



(9.3) 



DliMoo.b-, 0. > D^iM^y, 0- 



Proposition 9.7. If M has dimension at least 4, the inclusion ofHl , into "H,,, 
and the augmentation maps are weak homotopy equivalences after geometric reali- 
sation. 



The first part of Proposition |8.9| now follows from the commutative diagram 



\DliM^y,0'\ 



^\D^iM^,b;0'\ 



after taking the limit & — >■ oo, as the vertical maps are equivalences by Lemma [9.2 



and the lower map is an equivalence by ( |9.3[ ) and Proposition 9.7 As we remarked 
earlier, the second part of Proposition |8 .9| is proved similarly. 



Proof of Proposition 9/l_. It is clear that the inclusion "Hi, -^ %»,, is a levelwise 
equivalence. To see that the augmentation map e^ , is a homotopy equivalence 
after geometric realisation, we notice that the augmented semi-simplicial space 
e\ , : T-Ll , -^ Dg{Mao,b', £,)i has a simplicial contraction, by adding the empty surgery 
data. 

For the map e,,, let H^ , be the semi-simplicial subspace of 'H,^, where the 
simplices are required to have all Si equal to 0, and let H', , be the semi-simplicial 



space defined as H'^ ,, but replacing Condition (iii) in the definition of H,^, by 



(iii') The restrictions of the embeddings Cg in each Qq = (Ag, Cq) to the subspace 
A X r' c A X T are pairwise disjoint. 
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Notice that "H^ , C 'H',^, and the following diagram is commutative: 




We will prove that the following statements are true, concluding that the augmenta- 
tion map £,., for %,.» is a homotopy equivalence after geometric realisation, hence 
finishing the proof of this proposition. 

(i) The inclusion of Hi , into "H,,, is a levelwise homotopy equivalence, 
(ii) The inclusion of Hi , into %', , is a levelwise homotopy equivalence, 
(iii) The augmentation map e^ , is a homotopy equivalence. 

Statement (i) is clear. For statement (ii), we will prove that the inclusion Ti,^ , ^■ 
%', , is a levelwise weak homotopy equivalence. Consider the deformation 



h-.n',,^ X (0,1] ^-H', 



I, J 



that sends a tuple {w, Qq, . . . , Qi) to the tuple (w, ht^Qo), . . . , ht{Qi)), where ht{Qq) - 
{Kq,ht{eq)) and ht{eq){x,y, z) = ht{tx,y,tz). Under this deformation any point 
eventually ends up, and stays, in the subspace H^j . If / : (-D" , S"~ ^ ) — >■ {'H'^j , H^j ) 
represents a relative homotopy class, then because Z?" is compact the map h{—, t)of 
has image in "H^. for some i, so the homotopy class of / is trivial. 

For statement (iii), we notice that H^ , — > D^{M^},\S,)i is an augmented topo- 
logical flag complex, so we may apply Criterion |2.22| to show that it is a weak 
homotopy equivalence. Then e^ , will be a levelwise equivalence in the i-direction, 
hence a weak homotopy equivalence after realization. 

We will prove in Lemma |9.8| that the augmentation map is surjective and has 
local sections. Moreover, given w £ DQ{Mao,b',C)i a-^d a non-empty finite collection 
{w, Qo), . . . , {w, Qj) of (i, 0)-simplices over w, as the dimension of M is > 2, we can 
perturb the restriction CqiaxT' of eg G Qo to be disjoint from Qq, . . . ,Qj, and any 
extension ej+i to A x T of this perturbation will define a 0-simplex orthogonal to 
the given ones. D 

Lemma 9.8. The augmentation map ej q : "H^ p ~^ ^ (-^oo,6;0j *■* surjective and 
has local sections. 

Proof. First we show that e^ q is surjective: if w G Dg{Macy,(,)iy l^t A — P{w) U 
R{w). As AI is connected, it is clear that we may take a smooth map e' : A x T' — > 
Mao,b satisfying the restriction of conditions '(1)1 (ii) (iii)|(iv) and (v) of the local 



surgery data to T', except that of being an embedding and that of being disjoint 
from W outside e(a;]~^((4, 5))), e(0, —3, 0) and e(0, 3, 0). As the dimension of M is 
at least 4, a small perturbation makes it satisfy the latter properties. Again, as 
the dimension is greater than 3, we may thicken the embedding e' to an embedding 



e: A x T — > Mao,b that satisfies all conditions except (vi) and we may deform e to 
satisfy this last condition. 

Next, we show that ej q has local sections. Let (z/;,(A, e)) e "H^g. We need to 
find a neighbourhood [/ of w in D^{Mao,b',C)i and a section s: [/ — >■ "H^ q so that 
s{w) = {w, (A, e)). Write w — {W, bo, ... , hi), and choose a > hi & regular value of 
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Pw- Let U be an open neighbourhood of w in D\AIoo,b':£,)i ^^ which a remains 
regular. The space 

E := {{{W, 5o, . . . , h), xeWn Ma^b) eUx MaA 

over [/ is a fibre bundle, and so is locally trivial. Choosing a trivialisation on a 
smaller neighbourhood U' of w, we obtain a map 

and using the Diffc(Moo,6)-locally retractile property of Emb(W n Ma^b, Afoo.b) we 
obtain an again smaller neighbourhood U" and a map 

0: [/" — ^ Diff,(Afoo,6) 

such that (j){W\ bo,..., b,){W n Ma,b) ^W'n Ma,b for {W , &o, ■ • • , h) € U". 
We now attempt to define a section s : U" —>■ H'^q hy 

siW, bo,..., b,) = {{W, bo,..., b,), (A, c^[W', bo,..., h) o e)). 
To check that this is indeed a section, we must verify the six properties of Definition 



9.3 for this data. Properties |(i)| and (iii)|are immediate from the fact that inside 



Ma^b the data [W , (A, 4>{W' , 6o, . . . , bi)oe)) agrees with the data [W, Q) modified by 



a diffeomorphism of Moo,b. Property (v) is automatic, and property (ii) holds at the 



point w and is an open condition, so also hold on some neighbourhood w e U'" C 



U" . Property (vi) holds after perhaps shrinking U" , as then the diffeomorphisms 



4>{U") may be assumed to be supported away from eC\p ^({^Oi • • ■ , bi\). 



This leaves Property (iv) which follows from the important observation that if 
w' is sufficiently close to w, then P{w') and R{'w') can only be smaller than P(w) 
and -R(w); i.e. the amount of surgery we must do to obtain suitably connected 
surfaces is upper semi-continuous. More precisely, if w' is sufficiently close to w 
then W n {M U N^Q^bo) U i[o,b]) is obtained from W (1 {M U N^oM) ^ -^[o.ft]) by 
attaching 1- and 2-handles at bo, a,ndp^,{[bi,bi+i)) is obtained bom p^, {[bi, bi+i)) 
by attaching 1- and 2-handles at 5^+1, or subtracting 1- and 2-handles at bi, neither 
of which change the required connectivity properties. D 

10. Stable homology of the space of surfaces in a closed manifold 



In this section we prove Theorem |1.5| for manifolds M with empty boundary. 
Before doing so, we briefiy study the set of path components of the space of sections 
rc{S{TM) -^ M) for such manifolds. We fix a complete Riemannian metric g on 

M. 

10.1. Path components of TdSiTM) -^ M). The space S{TM) is a bundle 
of Thom spaces over M, with fibre over p £ M given by Th(7^ -^ Gr^ (TpM)), 
the Thom space of the orthogonal complement to the tautological bundle over the 
Grassmannian of oriented 2-planes in TpM. Similarly, we can form the bundle of 
Grassmannians q: Grj (^M) — >■ M, which comes equipped with a bundle injection 
72 ^-> q*TM from the tautological bundle to the pullback of the tangent bundle of 
M. We let 7^ — >■ Gr J (TM) denote the orthogonal complement to 72 in q*TM. 
There is a map 

c: S{TM) — > Th(7^ -^ Gr+ (TM)) 
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given by identifying all the points at infinity. If we choose an orientation of TM 
there is an induced orientation of 7^ , so a Thorn class 

u e H^-^{Th{ji ^ Gr+(rAf));Z). 

There is also an Euler class e — 6(72) G i7^(GrJ(rM);Z), and so a class 

u-ee H'^{Th{j^ -^ Gr+(TM));Z). 

By abuse of notation, we use the names u and u ■ e for the cohomology classes on 
S{TM) given by c*{u) and c*{u ■ e) respectively. 
There are maps 

Tr:TciSiTM)^M) — > H^-^{M;Z) — > H2{M;Z) 
s I — > s*{u) I — > tt{s) 

X:T,{S{TM)^M) -^ H^iM;Z) -^ Ho{M;Z) 
s I — > s*{u-e) I — > x{s) 

obtained by pulling back the classes e or -u • e along a section, and then applying 
Poincarc duality. 

Lemma 10.1. // M is connected then under the scanning map ,5^: £g{M) — > 
TciS{TM) -^ M) we have 

7r{.y{[f: Eg ^ M])) = /.([Sg]) G H2{M:Z) 

X{y{[f- Sg ^ M])) = 2 - 2.g e Z = Ho{M;Z). 

Proof. The cohomology class u G H'^^'^{S{TM);Z) is Poincare dual to the class of 
the submanifold Gr J (TM) C S{TM), so if s is a (suitably transverse) section then 
s*{u) is Poincarc dual to the submanifold s^^{Gr2{TM)). 

The cohomology class u ■ e E H'^{S(TM); Z) is Poincare dual to the class of the 
submanifold Z C Gr J (TM) C S{TM) which is the zero set of a transverse section 
of 72 -^ Gr J (TM). Thus if s is a (suitably transverse) section, then s*{u ■ e) is 
Poincare dual to the set of zeroes of a section of Ts~-'^(G'r^(TM)) which is transverse 
to the zero section: this is x{s~^ {Gr2 {T M))) by the Poincare-Hopf theorem. 

The map obtained by scanning an embedded submanifold /(Eg) is suitably trans- 
verse, and 3^^{Gr2{TM)) = ,f{^g), so the claimed identities hold. D 

Proposition 10.2. If M is connected, so Ho{M;'Z) = Z, then the map x takes 
values in 2Z. If M is simply connected and of dimension d > 5, the map 

X X tt: 7ro(rc(5(TM) -^ M)) — ^ 2Z x iJ2(M;Z) 

is a bijection. 

Proof. The space of compactly supported sections is the space of compactly sup- 
ported hfts along p: S{TM) -^ M of the identity map of M. We will use the 
notation F — SiW^) = Th(7^ -^ GrJ(M'^)) for the fibre of the map p, and suppose 
for simplicity that M is compact. 

The map GrJ(M'') -^ GrJ(M°°) induces an isomorphism on cohomology in de- 
grees * < (i — 1 , so 

Z[e(72)]^i/*(Gr+(M'^);Z) 

is an isomorphism in degrees * < rf — 1 , and so 

M-Z[e(72)] — >^*(5(M'');Z) 
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is an isomorphism in degrees * < 2d — 3. As there are cohomology classes w • e* S 
H*{S{TM),M;Z) restricting to u ■ 6(72)* on the fibre, the bundle p satisfies the 
conditions of the (relative) Leray-Hirsch theorem in degrees * < 2d— 3, so 

H*{M;Z) (g) {u ■ Z[e(72)]) — ^ H*{S{TM),M;Z) 

is an isomorphism in this range of degrees. 

Let us show that x takes even values. As q*TM = 72 © 72~i we calculate in the 
F2-cohomology of Th(7^ -^ Gr+(TAf)) 

Sq^(u) = u ■ ^2(72^) = u ■ (1^2(72) + q*W2{M)) ^ u- e + u- q*W2{M) 

and so pulling back via c we have 

Sq2(w) =u-e + u-p*W2{M) G H'^{S{TM);V2). 

Thus for any section s we have Sq^(s*u) — s*{u ■ e) + s*u ■ W2{M) in the F2- 
cohomology of M. However Sq^(s*u) = V2{M) ■ 3*u ~ W2{M) ■ s*u as M is simply 
connected, and so s*(m • e) = G H'^{M;¥2). Thus s*{u ■ e) e H'^{M;Z) = Z is 
even, as claimed. 

We will be required to know tt^ (5(M'*)) for k < d. By considering the cohomology 
calculation above in degrees * < 2d — 3, we see that as long as d > 4 then 5(M'') 
has a cell structure whose {d + l)-skeleton X consists of a {d— 2)-cell and a d-cell. 
Because 

Sq^(u) = u ■ ^2(72") = u ■ 102(72) 7^ 
we see that the d-cell is attached along a non-trivial map S"^"^ -^ S*"^^^, which 
must be the Hopf map as long as d > 5. Thus X ~ E'^~^CP^, and it remains to 
calculate the homotopy groups of this space in degrees * < d. By the Blakers- 
Massey theorem, the map of pairs 7r*(S''^^^, S***^^) — > 7r*(X, *) is an isomorphism 
for * < 2d — 5, so for * < d as we have assumed d > 5. Calculating using the known 
stable homotopy groups of spheres in this range shows that 

7rd_2(5(M'^)) ^ Z 7Td-iiS{R'')) = ^d(5(M'^)) ^ Z 

and also that the Hurewicz map is injective in these degrees. (When d = 5 we must 
use that 775(6''^) = 'L/2{rf^), even though it is not in the stable range; this may be 
found in Toda's book ^^362].) 

Let So and si be two sections of p which have the same value of the invariants tt 
and Xi ^-iid let us show that they are fibrewise homotopic. We obtain a diagram 

{0, 1} X M ^^^ S{TM) ^^ M X K{1., d-2) 



p 



pro J 



(10.1) 

[0, 1] X M ^''"^ > M ^= M 

and we must supply the dashed arrow. By obstruction theory, the first possible 
obstruction lies in 

F'^-i([0,l] X M,{0,1} X M-^d^2{S{W))) = H''-^{M;Z) 

and must be 7r(so) — 7r(si), as it agrees with the first possible obstruction for the 



(trivial) right-hand fibration in (10.1). But we have assumed that 7r(so) — 7r(si) is 
zero, so there is no obstruction at this stage. The next possible obstruction lies in 

H'^+\[0,1] X A/, {0,1} X M;TTd{S{E.'^))) ^ H''{M;Z), 
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and by comparing it with the trivial bundle M x K{'L, d) — > M via p x (u • e), as 
above, and using the injectivity of the Hurewicz map, we see that this obstruction 
vanishes if and only if x{^o)~x{si) does; we have assumed this. As M has dimension 
d, there are no higher obstructions to constructing the dotted map, which gives a 
fibrewise homotopy between the two sections. D 



10.2. Proof of Theorem 1.5 (when dM = 0). Recall that we have fixed a 
complete Riemannian metric g on M. Let £g{M) C f+(M) x (0,oo) be the space 
of pairs (VF, e), where W € £J"(M) and e is smaller than the injectivity radius of the 
exponential map exp: v{W) — ?► M ; we denote by W^ the image of this embedding. 
The forgetful map £g{M) -^ £^{M) is a weak homotopy equivalence. We denote 
by oOp the point at infinity of S{TpM), and write oo = [JpOOp, and we define the 
support supp/ of / e Tc{SiTM) -)■ M) to be the closure of M\/"i(oo). 

Definition 10.3. Let Gg{M), be the semi-simplicial space whose i-simplices are 

tuples {W, e; doj • ■ • I di), where 
(i) {W,e)e£^{M), 

(ii) do, . . . ,di: D'^ ^->- M are disjoint embeddings of the closed unit disc into M, 
(iii) the geodesic distance from dj(0) to W is at least e, for all j. 

The semi-simplicial structure is as usual given by forgetting data, which gives a 
semi-simplicial space augmented over £^(M). 

Proposition 10.4. If the dimension of M is at leasts, thenQg{M), is a resolution 

Proof. Let G, be the semi-simplicial space constructed similarly to the above, with 
i-simplices consisting of those tuples {W, e;do, . . . , di) such that condition (|i| above 
holds, as well as 

(ii') do, . . . ,di: D"^ ^->- M are embeddings of the closed unit disc into M such that 
the dj{0) are distinct, 

(iii') dj{0)nW = 9, foraU j. 

There is an inclusion Qg{M), ^->- G,, which is a levelwise weak homotopy equiv- 
alence, by shrinking the discs and e. Now G. is an augmented topological flag 



complex over f +(M), so we apply Criterion 2.22 The augmentation map is a fi- 



bration by Corollary 2.14 hence has local sections, and given any finite (possibly 
empty) collection [W, e, do): ■ • ■ j {W, e, di) of 0-simplices over [W, e), the complement 
M \ iW U y dj{Q)) is a non-empty manifold of dimension at least 3, so there is an 
embedding d of a closed d-ball into it. Then [W, d) is orthogonal to all the former 
0-simplices. D 

Proposition 10.5. There are fihrations 

£^{M \ Udj(O)) — > Gg{M), — > Ci{M) =: Emb({0, 1, . . . , i} x £>'', M) 
where the fiber is taken over the point (do, . . . ,di). 
Proof. This is a consequence of Corollary |2.14[ D 

In the notation of the last section, we let Tc{S{TM) — >■ M)g denote the collection 
of path components x~^(2 — 2^). Thus it consists of those sections which have 
"formal genus g" . 
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Definition 10.6. Let Fg{M), be the semi-simplicial space whose i-simphces are 
tuples (/, (do, ho), . . . , (d^, h,)), where 

(i) / e T,{S{TM) ^ M)g, 

(ii) do, ■ ■ ■ ,di: D^ ^-> M are disjoint embeddings of tlie closed unit disc into M, 
(iii) ho, ■ ■ ■ ,hi: [0, 1] x M — >■ S{TM) are homotopies of sections such that 

/ij(0,-) = /(-), d,{Q) i supp/i,(l,-), 

and the homotopy hj is constant outside of the set dj{D'^). 

The jth face map forgets [dj,hj), and forgetting everything but / gives an aug- 
mentation to the space Vc{S{TM) — > M)g. 

Proposition 10.7. IJ M has dimension at least 3, then Tg{M)t is a resolution of 
T,{S{TM) ^ M)g. 

Proof. Let us define Fg{M), as the semi-simplicial space whose i-simplices are 
tuples {f,{do,ho),...,{di,hi)) such that conditions m and ( pTi| above hold and 
condition ml) is replaced by 

(ii') do, ■ ■ ■ ,di: D"^ '-^- M are embeddings such that the dj{0) are distinct, 

and whose face maps are given by forgetting data, and it has an augmentation 
to rc(5(TAf) — ^ M)g that forgets everything but /. There is an obvious semi- 
simplicial inclusion Fg{M), '-^ Fg{M), over Tc{S{TAI) — > M)g, and the lemma 
will follow from the following statements: 

(1) the semi-simplicial inclusion is a levelwise weak homotopy equivalence and 

(2) the augmentation of Fg{M), is a weak homotopy equivalence. 

For the first statement, take a smooth function A: [0, oo) -^ [0, 1] with A([l. oo)) — 
0, A([0, 1/2]) = 1. Consider the following deformation iJ, : Fg{M), x (0,1] -^ 
Fg{M)i (which restricts to a deformation of J^g{M)i). 

HM)-L H.id,)iy) = d,isy), HAh,)it,.) = h^'^^^''^^^'^''^ if x = d.(..) 

I X otherwise. 

Under this deformation, every i-simplex eventually ends up, and stays, in the sub- 
space Fg{M),. If /: (D",S'""i) -^ {Fg{M)„Tg{M)i) represents a relative homo- 
topy class, then because Z?" is compact the map h{—,t) o f has image in Tg{M)i 
for some t, so the homotopy class of / is trivial. 

For the second statement, note that Fg{M), is a topological flag complex aug 

and 



2.16 



mented over £^{M) whose augmentation is a fibration by Lemmas 
Given a possibly empty finite collection of 0-simplices (/, do, ho), ■ ■ ■ , (/, di, hi) over 
/, we may find an embedding of a disc d^+i such that di+i(0) is different from 
the points do(0), . . • , di(0). We may also find a homotopy /li+i satisfying condition 
(hnl for the embedding di+i and the section /, because the space 5(Tc;.^j(o)M) is 
path-connected. Hence the conditions of Criterion |2.22| hold, so the augmentation 
for Fg{M), is a weak homotopy equivalence. D 

Proposition 10.8. There are homotopy fihrations 

T,{S{TM \ Udj(O)) ^ M \ Ud,(0))<, -^ TgiM), ^ Q(M), 
where the fiber is taken over the point (do, . . . ,di). 
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Proof. The space Ci{AI) is Diffa(A/)-locally retractile by Lemma 2.13 and the 
map is equivariant for the action of Diffg(M); hence, by Lemma 2.8 this is a 
locally trivial fibration. The fiber is the space Fib^ of tuples {f,ho,..., hi) where 
/ € rc{S{TM) — >■ M)g and hj is a homotopy of / supported in dj such that 
hj(l,—) is a section supported away ^^(0). Since the homotopies hj have disjoint 
support, we may compose them. There is a homotopy 

H: I X Fib, — > Fib, 

(t, (/, {ho, . . . , h,))) ^ {Htif),Htiho), . . . , HtiK)) 
where 

Ht{f){-) = hoit,-)o...oh,it,~) 

Ht{hj)(s,~) = hj{t + s{l ~ t),-). 

This homotopy deformation retracts Fib^ into the subspace Y of those tuples 
{fjho, . . . ,hi) such that dj{0) ^ supp/ij and hj is the constant homotopy. Finally, 
there is a map 

Y — > Tc{S{TM \ Udj{0)) -^ M \ Udj{0))g 
given by sending {f,ho, . . . ,hi) (recall that these homotopies are all constant) to 
/|Af\ud (o)i and this map is a homeomorphism. D 



By condition ( |iii| of Definition 10.3 the scanning map 

y-. £^{M) -^ TciS{TM) -^ M)g 

constructed using the previously chosen Riemannian metric q extends to a semi- 
simplicial map S^,: Qg{M), -^ Fg{M), by sending the tuple {W,e,do, . . . ,di) to 
the tuple {S^{W, e), {do, Id), . . . ,{di, Id), where Id denotes the constant homotopy. 

Proposition 10.9. The resolution .y, of the scanning map is a levelwise homology 
equivalence in degrees * < ^~ . Hence the scanning map is also a homology 
equivalence in those degrees. 

Proof. The induced map on space of i-simplices is a map of fibrations over Ci{M), 
and the map induced on fibres is 

y : £;(M \ Udj(O)) -^ T.iSiTM \ Ud,(0)) -> M \ Ud,(0))g. 

As y is a scanning map, Theorem |1.5| for surfaces in a manifold with boundary 
(which was proven in the preceding two sections) asserts that y is a homology 
equivalence in degrees * < ^^~^ . Note that although M \ Udj{0) does not have 
boundary, it does admit a boundary. D 
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